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ABSTRACT

A new concept of holomorphy in pseudo-Euclidean spaces is briefly presented. The set of extended
Cauchy-Riemannn differential equations, which are verified by the holomorphic functions, is obtained. A
form of the general pseudo-rotation matrix was developed. The generalized d’Alembert- operator and
extended Poisson’s equations are defined. Applying these results to the relativistic space-time, the charge
conservation and general Maxwell equations are derived.

1 Introduction
In a paper [1], published in 1981, Salingaros proposed an extension of the Cauchy-Riemann equations of
holomorphy to fields in higher-dimensional spaces. He formulated the theory of holomorphic fields by
using Clifford algebras [2]. In the Minkowski space-time he found out that the equations of holomorphy
are identical with the Maxwell equations in vacuum.

In the present article we introduce a different definition of monogenity/holomorphy applied to vector
functions in a pseudo-Euclidean space. This enables us to obtain a set of equations, which applied to the
Minkowski space-time, lead to general Maxwell equations and to the charge conservation law. All physical
quantities involved in the ongoing presentation are expressed in geometric units [3], i.e. meters.

2 Preliminary

2.1 Pseudo-rotation and its transformation matrix

Let us consider a Riemannian n-dimensional space with the metric [4]:

dzsx = Zgikdxidxk (1.1

ik=1

If the gi coefficients are constant, then the space is called pseudo-Euclidean and the coordinate system
is rectilinear. Using linear transformations we obtain a new coordinates system:

Xi = X (Xg 1 X yereeeenens X, (1.2)
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Below we have the expression of the Jacobian matrix of this transformation.
ox', OX} OX';
ox, OX,  OX

o o o] |Fe Fe T 0
ox, Ox,  OX, XX X '

XX o
ox, oOx,  oOX

n

n

If the value of dsx remains unmodified, then this transformation will be generally named a pseudo-
rotation. The transformation becomes pure rotation in the case of Euclidean spaces.

d 2SX = Z g dxdx, = Z g;kdX;dXIk =d st'
k=t H (1.4)

We will consider further only transformations where g, = g, .

Developing the differentials in the right side of the first equation (1.4) and identifying, it obtains the
following important relationship:
o oX OX,
0= K 15
gjp i'kz:lglk GXJ 6Xp ( )

2.2 Holomorphy in n-dimensional spaces

If it considered a vector field f = (f, f,,.....f,) , defined on an n-dimensional space, then its Jacobi matrix

is as follows:

o oo
ox, X,  oX,
of of of oa o, . oAy
:[a_xlé_xzé_xn}: % Ox, X, (1.6)
of, of  of
ox, ox,  OX,

The differential of this field function can be written as:

df = (df,, df,,.....df,) (L.7)
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Using the metric definition (1.1) we may write the norm of this differential expression

d%s, =Y g,dfdf,

ik=1

Definition

A vector field f =[f,(X),f,(X),......... f,(x)], wheref, (x) =f,(X,,X,,...X,,) , is said to be monogenic at
point x of the space if the ratio:

2 Zgikdfidfk
d’s, i3 2
s @ =1+Q%(x), (1.8)
X Zgikdxidxk
ik=1

exists and is unique at this point. If a vector field f is monogenic in all the points belonging to a set D in
space, then fis holomorphic in the set D.

For further developments we consider only the sign + in the right side of the equation (1.8). The
uniqueness condition (1.8) requires that:

: 1 of \, 1 of,
o= W(=——N(=— 1.9
Comparing with (1.5) and (1.3) it obtains the following set of equations:
Lof o w10
QOx;  OX,

where I, ] =1,2,......... n.

Equations (1.10) can be considered as the extension of the Cauchy-Riemann equations to an n-
dimensional space. Further it will be considered only pseudo-Euclidean spaces where:

Ok =9%=0
0:=0%=¢
More than that we may state, for simplicity, that c; is either 1 or -1.

2.3 Pseudo-rotation matrices and associated Cauchy-Riemann equations

Let us consider a NxN matrix M, which performs the coordinate transformation X — X" in an n-
dimensional space:
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all a12 ' a'.l.n
aZl a'22 ' a‘Zn

M — (1.12)

anl a'n2 ) ann

M is a pseudo-rotation matrix if and only if its columns verify the equation (1.5). This is the necessary and
sufficient condition for M to be a called a pseudo-rotation matrix.

a. As afirst example we consider one of the rotation matrices in the two dimensional Euclidean
space, where ¢1 =C»=1.
Ccos sin
M = _ /4 /4
—siny cosy

Using (1.10) it obtains the original Cauchy-Riemann equations, known from complex analysis

of, _ o,
X, OX,

1.12
o _ o, 2
OX, 0%,

Considering the definition (1.8), the conditions (1.12) are not unique. An alternate valid form of a rotation

matrix in this space could be:
cos sin
Y { Sy y }
siny —cosy

Consequently the extended Cauchy-Riemann equations look differently:

o _ o,
0%, oX,

1.13
o, -
oX, OX

In both cases the functions are harmonic and satisfy the Laplace’s equations:

azf1+azflzo

ox: X

2 2
0 f22 L0 f22 0
oX,  0X,

b. A pseudo-rotation matrix in a two-dimensional pseudo-Euclidean space, where ¢; =-1 and ¢,=1,
can have the following form :

http://dx.doi.org/10.14738/tnc.74.6936
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M = coshy —sinhy
~|=siny coshy

M is the matrix of the Lorenz transformations in the two dimensional space(xz)-time(xi), and the
corresponding Cauchy-Riemann equations system is shown below:

o _ o,
0%  OX
' ? (1.14)
oy _ oty
oX, 0%
The above functions satisfy the wave equation in one space dimension.
o’f, o°f,
2 2
OX
ale N (1.15)
o'f, 0°f,
ox;  ox?

2.4 Generalized d’Alembert operator and extended Poisson’s equations

As we have seen in the previous paragraph, the pseudo-rotation matrices on the same space are not
identical and their freedom degree grows with the dimensions number, n. This implies that for the same
type of space there are different Cauchy-Riemann equations which provide necessary conditions for a
vector field f to be holomorphic. One of possible forms of a general pseudo-rotation matrix may be as
follows:

o, a, : a,
a; 4, - &, a22 o,a,
M = Ay 8y . Ay _ % G C,—ay . C,—a, (1.16)
' ' 2
a, ap A, o, %2%s C,— %
C—oy C—a

It can be verified that all columns of M satisfy the equation (1.5), and also that:

a, —a, (1.17)

Now let us process the elements of the diagonal which starts with ay, in according with the following
relationship

n
Sdiagonal = z Cia;
i=1

2 2 2
a, a
Sdiagonal =Ga, +G (CZ - )+C3(C3_ ) """" +C, (Cn - . ) (118)
174 17 174
o, — o, —Cot, e —C 2, o, —C
Sgiagonar = N —1+ —+—224—22 nTn o _pn-1+2=21=n-2
c, -1 C,—oy
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For the four-dimensional Minkowski space-time, c1=-1, c,=Ccs=Cs=1, the corresponding matrix becomes:

oy a, oy o,
2
a 14 % o,0, o,a,
2
1+, 14+ 1+,
2
M = o,a, o, o5,
o, ——= 1+
1+, 1+, 14+
2
a a,Q, a,as 1+ a,
4
1+, 1+, 1+,

Taking the appropriate substitutions and computing, it obtains the matrix of the standard Lorenz
transformations as you can see in the reference [5] (equations 1.17 and the corresponding matrix).

Using the equations (1.17), (1.18) and (1.10) it obtains the following relationships:

o _ o,
OX, OX;
' of (1.19)
c,—=(Mn-2)Q=A
o OX,
Processing (1.19) it arrives to the following expression:
ZC A (1.20)
8xk

Further the symbol & will be named d’Alembert operator of the n-dimensional pseudo-Euclidean space.
The equation (1.20) is denominated the extended Poisson’s equation in the same space.

For n=2 it obtains the Laplace equations and the wave equations, previously developed in the paragraph
1.2.

For the Minkowski space-time, with the signature (-1, 1, 1, 1), it will be used further the standard
denomination of the coordinates, i.e. t, X;, X,, X; .

The corresponding vector field has the following expression:

f=(T,X,X,,X,) (1.21)
Using equations (1.20) it obtains:
0°T = oA
o (1.22)
0*X, = oA
oX;

The symbol A = 2Q represents a function at the point P(t, X;, X,,X;) .
X1, X2, X3 are the components of the following vector in the three-dimensional Euclidean space:

http://dx.doi.org/10.14738/tnc.74.6936
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X :ixiei (1.23)

where €; are unit vectors along the Cartesian axes of this space.

The last three equations of the system (1.22) will be packed together, and so the system takes the
following format:

0°X =VA
1.24
o0°T = oA (124
ot

In the system above it was used the “del” operator in the three dimensional Euclidean space.

If we consider the pair of inhomogeneous wave equations® for electromagnetic potentials, then the
system (1.24) shows a perfect similarity. We are very tempted to identify T with the electro-magnetic
scalar potential and the vector X with the vector potential, but it does not work because the first equation
of the system (1.19) requires that the curl-operator or rotation-operator of X must be zero. This is not
generally valid for a real electro-magnetic vector-potential.

3 Classical Electrodynamics and Maxwell equations

3.1 Alternative Cauchy-Riemann equations in Space-Time.

There is a class of matrices in the Minkowski space-time which fulfills the following relations:

4

> a; =0

i=1

a,+a, =¢C, (2.1)
a3 +as =G4
a;, ta, =C,

Replacing by partial derivatives, in according with equations (1.10) and using the usual coordinate’s
notation for Minkowski space-time, it obtains:

aa—T+V0X:O

t oX oC (22)
VT +—=—
o ot

We also can obtain the equations system (2.2) considering a vector field, f= (T, X", X",,X";) in

Minkowski space-time which fulfils the conditions (1.19). If X' represents the corresponding vector in the
three dimensional Euclidean space, then respective equations become:
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—ﬁ+V0X':A:VOC
ot

x (2.3)
VT-22=0
ot

Now let us make the substitution: X =C - X'

Replacing in (2.3) we arrive again at the system (2.2). The second equation of the system (2.2) implies
that:

VxX=VxC (2.4)

Now let us convert to the SI system (see reference [3]) identifying the scalar part with the scalar potential
and the vector part with the vector potential. Further we will use the symbols shown in the reference [6]
for these potentials. It obtains the following system of equations:

2 L yA=0
ot

(2.5)

v 4 A _C
ot ot

Where c is the velocity of light in SI units system. Processing further we get:

2
vo 170
c° ot
1 0°A 1 6°C
V(VeA) - =22 =
( ) ¢’ ot? c® ot?

oC
=V
(2.6)

But:

V(VeA)=V?*A+Vx(VxA) ,and finally the system (2.6) becomes:

2 2 2
VZA—i—aA: 1£—VX(VXA):—%8&S
C

e, —C—2 pe -Vx(VxC)

2.7)

3.2 Charge conservation and Maxwell’s Equations

Identifying (2.7) with inhomogeneous wave equations presented by Feynman [6] we find the expressions
for charge and current density.

oC
p=—gVe (E) -
2 .
I=¢, aatcz: +c*Vx(VxC)

Processing the equations (2.8) it obtains immediately the well known equation of charge conservation:
http://dx.doi.org/10.14738/tnc.74.6936
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Vej=——" (2.9)

Using the equations (2.5 we can write further the expressions of electric field intensity E and the magnetic
induction B:
oA oC
E=-VO——=——+,
ot ot (2.10)
B=VxA=VxC

a. The first Maxwell’s law
Taking the divergence of E and using the first equation of the system (2.8) it obtains the first Maxwell’s

law:

VeE =F (2.11)

b. The second Maxwell’s law
Taking the curl of E and comparing with the expression of B we get immediately the second law:

vxE =B (2.12)
ot
c. The third Maxwell’s law
The third Maxwell’s equation is evident because B is curl C :
VeB=0 (2.13)

d. The fourth Maxwell’s law
Processing the second equation of the system (2.8) and taking into consideration (2.10) we found finally

the fourth law:
OE

ctvxB=d + & (2.14)
g, ot

4 Conclusion
The Lorenz Transformation equations have been initially derived searching for a transformation, which
leaves the Maxwell’s equations invariant [7]. The immediate consequence of the Lorenz transformations
is Einstein’s Special Relativity. In the present contribution we found that any four-vector, which is

holomorphic in a domain of the space-time, must verify the system (1.10). As a first application we
rediscovered the law of charge conservation and all four Maxwell’s equations.

REFERENCE

[1]. N. Salingaros, Electromagnetism and the holomorphic properties of spacetime, J.Math.Phys. 22, 1919-
1925 (1981).

[2]. K.Guerlebeck and W. Sproessig, Quaternionic and Clifford calculus for physicists and engineers
(Cichester, Wiley, 1997).

Copyright © Society for Science and Education, United Kingdom



Vlad L. Negulescu, “Holomorphy in Pseudo-Euclidean Spaces and the Classic Electromagnetic Theory”, Transactions on
Networks and Communications, Volume 7 No. 4, August (2019); pp: 27-36

[3]. Geometrized Units System, http://en.wikipedia.org/wiki/Geometrized_unit_system (accessed May 25,
2019)

[4]. R. Adler, M. Bazin, M. Schiffer, Introduction to general relativity (New York, McGraw-Hill, 1965)

[5]. Vlad L. Negulescu, Motion analysis of particles using the hyper-complex numbers representation,
Open Access Journal of Mathematical and Theoretical Physics, Volume 2, Issue 1, 2019,
https://medcraveonline.com/OAIMTP/OAIMTP-02-00047.pdf

[6]. R.P. Feynman, R.B. Leighton, M. Sands, The Feynman lectures on physics, 2. Mainly electromagnetism
and matter (Reading, Mass., Addison-Wesley, 1969).

[7]. Oleg D. Jefimenko, On the Relativistic Invariance of Maxwell’s Equations, Z. Naturforsch. 54a, 637-
644 (1999, http://zfn.mpdl.mpg.de/data/Reihe A/54/ZNA-1999-54a-0637.pdf

http://dx.doi.org/10.14738/tnc.74.6936


http://dx.doi.org/10.14738/tnc.74.6936
http://en.wikipedia.org/wiki/Geometrized_unit_system
https://medcraveonline.com/OAJMTP/OAJMTP-02-00047.pdf
http://zfn.mpdl.mpg.de/data/Reihe_A/54/ZNA-1999-54a-0637.pdf

