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ABSTRACT — In this article, we discuss the crucial
subject of bacteria and phage populations dynamic in
chemostat system with dilution control parameter. A
chemostat (from chemical environment is static) is a
hioreactor to which fresh medium is continuously added,
while culture liquid is continuously removed to keep the
culture volume constant. By changing the rate with which
medium is added to the bioreactor the growth rate of the
microorganisms can be conirolled. In chemostat model,
the control parameters usually are the washout rate
(dilution rate 1)) and input nutrient concentration S(®).
We consider that S is fixed and D is the only control
parameter. The ouiputs considered in chemostat models
are functions: £ : B3 — R* (k < 3) of variables S(t), V(1)
and B(t). The dynamical behavior of chemostat system
with control tools is inspected and stability analysis
is done. The chemostat system with dilution control
parameter can be represented as differential equations,
depending on variable and parameters. First the system
is analyzed for zero talent period (7= 0} and secondly for
positive value of talent period (7> 0).

Index Terms: Chemostat, Bioreactor, Dilution rate, Fixed
point, Stability, Talent period, Delay Differential Equation
(DDE).

I. INTRODUCTION

In this article, we discuss the crucial subject of bacteria
and phage populations dynamic in chemostat system with
dilution control parameter. In Chemostat model, the control
variables employed are the washout rate (dilution rate ID)
and input nutrient concentration S® . First we consider that
S s fixed and D will be the only control variable. The
outputs usually considered in Chemostat models are functions:
£: R* - R* R® — RM(k < 3) of variables S(t), V(t)
and B(t). We consider that dilution rate [ is the feedback
control variable of the system and define the feedback control
law D : I{i » By by D(B,V,S) &(B,V,5) where
£: Ry — Ry is a continuously differentiable. D[1/sec|,
B(1/ml], V[1/mi], S[1/mi]. We define washout rate balance
parameters k;[ml/sec].Dilution rate function: 2 = £(B,V,5)
D = &(B,V, 8) = Bky + Vg + Sks [1] [2] [3].
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Fig. 1. Chemostat system with dilution control parmmeter.

D[] = B[k [2] + V[ ksl 2]

5 ﬂ BBC el ]_)
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Terminology:
V'~ Phage concentration in the vessel.
£ — Bacteria concentration in the vessel.
S _ Input concentration of the limiting nutrient.
5 = Current concentration of the nutrient in the vessel.
System chemostat { lcompartment gradostat) equations:
%9' = _V[t) - ?V(#}B(t) (2)
FAYV(t—T)B(t—7) - V(1)D
dB(t .
2O — yr©)BO) -V OBO - BOD 3
dS(t et . .
0 50 —s@ip-wrBOS @
D =¢E(B,V,S)= Bly+ Vs + Sks (5)

- Decay rate of phage in the vessel.

A - Average number of free phage released at lysing in the
vessel.

oy - Growth rate of bacteria in the vessel.

+ - Interaction rate between bacteria and phage in the vessel.
7 - Talent period. [} - Washout rate.

S . Tnput concentration of the limiting nutrient.

& - Conversion factor in the vessel,

k1, k2, ks - Washout rate balance parameters.
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S©®>=0, B(0)>=0, V(0)>=0. Chemostat washout term
[S® — §(£)]D. For the case of simplicity we assume no delay
=

FE — —oV () +9V(HBOB - 1)

*V(t)[ (B + V(t)hy + 5(t)hs]

B - Yf(S)B(E) -2V (OB ()
—B()[B(t)ky + V(t)k2 + 5(t)ks]

B0 — (8O — SW)[B(tyky + V (D) + S()ks]
—$f(S)B(®)/0
V =V(1);B=B():5 =50 7

gg =—¢V+yVB(B - 1) = V[Bky + Vko + 5k3]
l% = f(5)B — VB — B[Bky + Vg + Sks] (8)
= [$©) — S][Bky + Vo + Sks] — ¢ £(S)B/
Scalmg of the above equation: All resources densities in term
of S and get

s v B
50 55w V5w

t — tD. Dimensional parameters have the following meaning:

S©5
QZJW% v8

B g O

¥ — o 5 sy — by 68© (10
kg — kgS(O)JB(S, kg —> S(O)kg', S(O) Z 0 (11)
B(0)> 058 — &
VmaxS S(O)
s () = / a2)

F /50 | 5750

Input concentration of the limiting nutrient $'© term has units
of concentration. D[1/sec| has units of reciprocal time. Let
scale the nutrient equation:

s

o7 =[5~ SI[Bhy + Vi + Sks| 4 f(5)B/S (13)
Divide the two equation sides by S © term:
%S% = [1 - 5% [sBskds@ + S(O‘;ﬁﬁkgg(mﬁd (14)

oy S Oks] — lﬁf(S)B/[S(O)J]

Measuring S, a, B/6 in units of SO and time in units of
D—l

SR

sec

kl[ml

sec

168©] (15)

SO[L]s -

ml

1
‘[]ﬁfw[

3

TISOLIEs = [
[SEC]

S SO L[ 2] —

The scales nutrient equation is:

sec]

(16)

dS

— (1= §)(Bhy + Vhy+ Shs) — (B (D)

Let take the phages differential equation:

4 ol
5o VP ¢ (1)
av
==V VB~ 1) = V(B + Vhs + Sks| (19)

Rewriting V () phage density in terms of S(®34

G S(0>55 —V 55+’YVS(0 BB -1)
Vs(o 55[5(0 7615'( 6+ V5 Jggg( )36 (20)
Jrs(OJ ks S© )}
av
dt thw = vag(mlﬁ
5% 55
AL Vs 75 B 55 B-1) o1
V5(0)55[5(0)5k15(0)5
+VS(C' Békzs( )ﬂ(s + WkgS(O)]
& T = —sngmlm
5<°>55V 1 1
5 VeomBsos e (/5’ ) @2
~V s sy S0+ V ke SO 6
+ ooy k3 SO
S(O)ﬁd
S<°>,85 SV B o ()
o B Biy - BE ks ky65©) 24
kg — k2SO B8 ks — 5Okg
S >0,B0) > 0,5 — 8
mes/s © (25)
W - @ f(S) = /50 157507
5w = 5 sogs = Vighs — B (26)
a— gyt —+ tD
dv D
T 780V+’)/VBE(5 —1)—V[Bki1+ Vks+ Sks] 27)

Measuring S, a, B/§, in units of S$© and time in units of
D—l

av1l _ e _
Kb =—8V+WBEL(B -1 28)
V[Bk1+VkQ+SkS]D
%77 Ve VB(Bﬂ Y Bk 4 Vs + Sks] (29)
av

1
= =@V VB = 3) = VBl + Vi + Ska] (30)

dt
Now let scale the Bacteria equations:

dB

= %F($)B — VB B[BRit Vhy Skl (1)

We write the Bacteria densities in term of §(94
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S<°>5
s — B s(ﬂ);a@ = Viy o 2 32)
(s = /—‘{5”5%
a +5/8
Multiply two equation sides by factor <y
% W =9 f(8)Bgays — 7V Bgus (33)
B [Bhy + Vs + Sk
dt ( 5 wf(S)Bf 'YVBW
g <075 |55 1S s+ V o ﬁ5k25<0>55 (34)
+3% ]‘3 5
dB
%5 _ #(S)B — VDB — B[Bky + Vi + Sky] (35
dB 1 1 1
— =% —f(SYB VB - B[Bk +Vks+5k3] - (36
LD ¢Df() ¥ [Bki+ Vo S]D()
%% - dt 7/11) 4> (37)
dB
%5 4f(S)B— VB — B[Bky + Vka + Sks]  (38)

The Chemostat (One compartment Gradostat) scaled equations
with control parameters are

dB

“ = Uf(S)B— VB BB + Vi + Sk (39)

dv

i V[Bky + Vkg + Sks| (40)

—oV +9VB(1— %) -

dS

=(1—=8) Bk + Vka+ Sks) — o f($)B (41)

Remark In the chemostat parameters scaling process we get
un-dimensional parameters. If the system is a fixed point
there is no nufrient, phage and bacteria change in time

% =0 ‘fi‘; =0 ‘gf = 0. We get three algebraic equations

which give the expression for those three fixed point values.
Our Chemostat system dynamic develops in time to bring us
to fixed points. We sign the maximal rate bacteria reaction
to nutrient as Vs, Vi, oF Vipge in our analysis. We define:
Bt)=B;8t)=5V@) =V

1SV, B) = (1 — 8)(Bky + Vs + Sks) — 4 f(S)B (42)

£2(8,V,B) =
—V[Bky + Vky + Sks]

1
~@V +qVB(1- 1) )

f3(S,V, B) = f(5)B =7V B —B[Bky+Vkz+5ks] (4)
To find the fixed points for the system, we solve
B0 =098 =0ie:

s > dt e

(1 §)(Bhy + Vot Ska) —9f(S)B=0 (@45
—V + 4V B(1 - %) — V[Bhy+ Vky+ Shy =0 (46)
DF(S)B— VB — B[Bly + Vs +Sks] =0 (47)
From the second equation f(S, V, B) -
Viog+ 4B %)7 By + Vs + Sks} =0 (48)

V = Oor—p+ vB( - é) —[Bhs + Vhks + Sks] = 0

(49)
Case No.1: V =0 : Third equation gives:
Y f(S)B — vV B — B[Bk1+ Vka + Sks) 50)
Y f(8)B — B[Bky + Sks)
$1(S)B — B[Bly + Sk -
= B{f(S)— [Bky + Sks]} =0
Case No.1.1: Choosing B = 0 give from first equation
(1-5)(Sk3) =0= S =0rS=1
The first fixed point: £® (V@ BO) 50 = (0,0,0)
The second fixed point: £V (V1 B gy = (0,0,1)
Case No.1.2: Choosing
$f(S) — [Bhy + Sks]) =0= B = %j%’ (53)
It gives from first equation
(1— 8)(Bky + Vhy + Ska) — 4 f(S)B=V =0 (54)
1 wI(S)-Skap L gp
(w&%ﬁbﬁg ! o
(L= $)Wf(5) — Sks + Sks) s6
—f(5) (RS — g Lo
5) - Sk
R B e
LA - 8) - [P ~ 0
F(8) = 0or (1 — 8) — [m] =0 %)
f(5)70:> mjf =8=0
Bls—o = HE=D 0, (8) = Yo )
(1-8) - [P —0
1-8 ——f(S)+ Skg,O (60)

Copyright ©

Society for Science and Education United Kingdom



Ofer Aluf; Dynamic of Bacterial and Phage Populations Maintained in Chemostat System with Dilution Control

Parameter, Transactions on Networks and Communications, Volume 4 No. 3, June (2016); pp: 1-21

sk

D1 (kn, ks, 0,0) = {[£ — 1]a — £ Vinax + 1)2
—4[% —1]a

7{[% - 1]a - %Vmax + 1}
+/ Py ki, k3,9, 0)

21

523 _

(0§ = To = EVonux +1}

+1/ Py (K1, k3,90, 0) )

2(zr -1
{[@*1] iVmaerl}

<I>1(k1,ka,1/)’ a)

PI(

Vs
B28) —

{([?f - 1]” - *Vmax +1)" -
= ( ki max + ]-)2

[ITQ - 1]a}‘k1:kz

k
(E-ta-2 LA

Vinax + 1} o=ty =1 — .
1

The above case can’t exist since jlfl]\klzkg — 00.

2[£2
The third and fourth fixed points:

E(Q,S)(v(Q ,3) B(2 3) 3(2 3))
B la— Vst 1)
/P (R, ks, o, 0) )
2[3—1]
*{[7 — 1o — *Vmax +1}
1(?91,7%,1[),

2[771]

P f(

Y3

— (@,
7{[1@ - 1]a - 7Vmax *‘r 1}

++/ él(khksﬂﬁv a) )

13
? 22 -1

From the second equation fo(S,V, B):

Vi—p+yB(1— %) By + Vg o+ Shy)) =

Case No.2:

1
—g0+’yB(1 — E)_ [Bkl-&-ng-&-Skg} =0

1) ot Blv(1— Vi — Shs — 0
_ W+Vk2+5']ﬂz

T = 3)—kd]

3) =] -

62) Third equation gives:

$F(S)B — yVB — B[Bky + Vhky + Sky] =
(63)

B{pf(S) — AV — [Bhy + Vg + Shs]} =

(64) = ‘B#O'(/)f(g)f 7[B]€1+Vk2+skg} =0

@+ Vs + Sks

d)f(S)*VV*[(m
2

b1+ Vho+ Sks] =0
(65)

@+ Vg + Skg

¢f(5)*7vf(m
B 1

Yoy — Vs — Sky =0

o wki _ koky |74
hA-Fr-k]  BO—F)—k]
S—Vks —Sk; =0

PIHS) =V
ksky

T A5 k]

kyky

[(Tiiv YV —Vke + Yf(S)

“ras RS Sk

(66)
Rt =0

ok
0 Vg

+8{ e @is) — —ks} —

Ty =0

2]

ok

(68)
V[m + v+ ko]

k] (ts) ~ ([’y(l—%)fki] +ha)} -

‘We define for simplicity:

wki
(- 5)—k1]

M= ey 7+ ke

-
_ kk
=g th

Vinaz
T's :h(fjgm,vr1 S{¥es —Ta)—Ts

(69) v_ gl w(dr;; Lo}

‘We have

Vinax
¢+ Vs + Shs_ BT 1,

Th-p-m T D Ty
B — ¢FVka+Sks

(= 5k

(710 — L koot ks

)il

(-

From first equation:

n (1 = 8)(Bhy+ Vhz + Sks) = f(S)B =0

72)

(13)

(14)

{75)

(76)

mn

(78)

79

(80)

(81

(82)

(83)

(84)

(85)
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(EVinze
W+[SM; % Jka-+Sks
1-5( h(k = ki] tha
+{S{Yd+—sf’“} — Loy + Sko) (86)
"/r‘vmax
exs Jﬁ)_ﬂ,ﬁ]kﬁ,s]@
O FE ) b=0
We define for simplicity Ty = [y(1 — §) — ki
+[Sm i]k +5k
L L
PVingx
s rayg 4 o) (87)
S —T3}
+[S Jﬁ);,& kytSk
—pF(SHE e
(175)(wk1+[5M P} kak1
“Vinag
+S 5 kaky + S (s e P2)m Koy + Sko) (88)
,¢‘2nig5{sor\ +[S YM—SY i
—Flka s + Skaps} o, (9 =% e
For simplicity we define:
_ ¢VmaxS _ _ L(S)
us) = @t 5 :>L(S)7'L(}f(5'):>‘lﬁff($) (89)
(1= )( ik + [HER20 - Rk,
+84& k3k1+[L(S) ST ]—7 k2 + Sks) 90)
7L(S){(,D L+ [{L(S) STa} Eg]k 1}4

+Sk31"14} —0

Since the above equation is polynomial shape in S variable,
it is easy to solve it numerically than analytic to find fixed
point E(i>3)(V(i>3),B(">3),S(i>3));v<i>3> 7/: O;B(i>3) :/:
0, 5>3) £ 0. We need to neglect all fixed points numerical
solutions which phage, bacteria or nutrient values are negative
or complex [4] [5]. We can summery our last results in the
next diagram:

EQ.1:(1 — 8)(BE; + Vko + Sks) —0f(S)B=0 (1)

o2 ¢V HVBA- ) VIBR + V,

bS] — 0 92)

EQ.3:f(S)B—yVB — B[Bk; + Vs + Sks] = 0 (93)

We already calculate our Chemostat scaled parameters and
have the following values: v = 18.74;%0 = 3.6%9a =
1.8l = % = 1.845;8 = 71. For our Chemostat washout
rate balance parameters k;[ml/sec].

3 3
> ; (94)

i=1
k)l = 02, ]CQ = 03, kg =0.5

EQ2
1
—@ + ¥VB(l-=)
4

=V Bk, +Vk, + Sk ]1=10

NN

Case No.1 Case No.2
¥'=0 : Third Bl 1
equation EQ.3 Rare 75)
Bk +Vk, +5k,]1=0
Third equation EQ.3
CaseNo.1.1 Case No.1.2 First equation EQ.1
B=0 :First
wi(S)—[Bk +5k]1=0
equation EQ.1 ll/f(S) st (1= 5)( By + Phey + Ss)
=B= wrEB-0
First equallun EQ 1

.

VoS
f®=0=BE =520 FEB(G gan | g@)

= 8=0 = S=1 yEP g, 5 g

SN g

FOE©® g® 50y FO@® g 50y

B‘m:uffiszo)zo POY_g B 20
k s 20
¥
A-S)(Sk;)=0 A-5)(Sk;)=10 0P (9 g sy

={0,0,0 =(0,0.1)

Fig. 2. Chemostat system with dilution control parameter fixed points flow
chart.

P1:m+7+k2 ©5)
Ih= ngi‘f)ﬁ +18.74 4 0.3= 19.04
Ty = kg[m +1] 6)
Ty =0.5x [—17[157“(137 03] +1] = 0.505
k: 1.845x0.2
Ts = palTi—r =~ femar (e o2~ 0-0202 o7
Py=[yl-F) —f) =1825

The first fixed point: £@ (V@) B g©)=(0,0,0)

The second fixed point: BV (V1 BM_ §1)=(0,0,1)

The third fixed point: E®/(V @ B $()=(0,-8.63,9.69)
Only mathematic fixed point, not biologic {(bacteria fixed point
value is negative).

The forth fixed point: EGHV (3, B3 8(3))=(0,0.885,0.126)

(1 8y [

FS] T4 ko k1
+8 i haky + S(Lg — To)Ee —

L
rike + Sks)

(98)

{ s —Ta}
V;“fss{sm S Rl
+5k3 =008 = [{"ixs

Copyright ©

Society for Science and Education United Kingdom




Ofer Aluf; Dynamic of Bacterial and Phage Populations Maintained in Chemostat System with Dilution Control

Parameter, Transactions on Networks and Communications, Volume 4 No. 3, June (2016); pp: 1-21

‘We use Mathematica software to solve the above equation
(S variable):

{{s =-1.79687+0.132571}
{{s =-1.79687-0.132571} 99)
{8=0.676383},{5=-0.0596224}}

‘We ignore mathematics results (Nutrient negative and
complex values) and take only non-negative nutrient fixed
point (S — 0.676383).

V= 54—>—“+5x Il

F
V = 0.676 % {;1 51+o svs) —0.505} (100)
9.04
0.0202
80202 _ (0337

B = o+ Vks{Sks
b5kl (101
B= 1.845+060337><0 340.676 0.5 __ =0.12
[18.74x (1— ) —0.2] :

The fifth fixed point:

E@(V® B®W §4))=(0.0337,0.12,0.676). In our final
result we count only biological fixed points and neglect all
mathematics fixed points. Our biological fixed points are as
below.

The first fixed point: E© (VO B© 8(0)=0,0,0).
The second fixed point: EW(VW BM §0)=0,0,1).
The third fixed point: E® (V2 B §(2))=(0,0.885,0.126).

The forth fixed point:
EG®(V® B® §6))=(0.0337,0.12,0.676).

II. CHEMOSTAT SYSTEM WITH DILUTION CONTROL
PARAMETER FIXED POINTS CLASSIFICATION AND
STABILITY

To classify Chemostat fixed points, we need to compute the
Jacobian.

ful8,V,B) = (1 - 5)(Bly+ Vke + Ska) — 4 f(S)B (102)

2(5,V,B) = —V + 4VB(1 - 1)

fa(S,V, B) = F(S)B—yV B —B[Bki+Vha+Ska] (104)

We define E®)(V®) B&Y SEN=(V* B* S*) as any
Chemostat fixed point.

af % 21

A= @ g—{? ﬁ ;det |[A — Al =0
o 8 B
55 oV Vo885

VinaxS Bf(S) = Viax@
1(8) = ats 85— (at8)7
(105)

Gl v e vy = —(B*hy + Vo + S*ks)

. Soscs" (106)
+(1 — §")hs — B 2D

0| e pegry = —(B k1 + V'ha + S7kg) o7
+(1 o S*)kg B* (Zﬁﬁ ( )

Ghlove,me,sm = (1= 8"k

L‘(V*,B*,s*) =1 =81 —¥f(5%) (108)
TS,Z‘(V’“;B’“’S‘) = —V*ks
Wl pesny =~ + 7B (1 §) (109)

7(B*k}1 +V*ke + S*kg) — Vg

%‘(V*,B*’S*) = VV*( — %) — V*]ﬁl
=V y(1— )= kil (110)
Felepesn = 0B T — Bk

a Vinazo
"’S‘(V* prsn = B —kl ),
Slpe 5oy = —B (v + ka)
o — (57— AV
5 l(veBe s = 0F(ST) — (112)
—(B*ky + V¥hg + S*ky) — Bty
En = i\(v* B 5*),_12 giv‘(V* Be 5v)
S1s = Sl B0y B = Plvepesny  (113)
Eaz = av #l(ve e 5%)
Zas = 5Bl B s = Fol 50 (114)
= — 3 = _ A
Bz = 33 |(ve,Br,5%) B33 = 55 (Ve Be,57)
The Jacobian is:
Z51 B Eis
A= Eo1 Eop Epz |det[A-A|=0
Zs1 Hzz Ea
A (115)

b

|

S

-

|
—

[rl

[l [r] =
w N
R

[1]
[ 8

|

po

12 Z13
Zi23
32 Egz— A

det ‘A — )\I‘ =0= (._‘11 — )\)[(._‘22 — )\)( £33 — )\)
—Z32503] — Z12[E21(Z83 — A) — Z31Z0g]
+E13[221832 — E31(E22 — A)]

(116)
Bi = G |ve pe 57 B1e = S| (ve e, 5

Zis = Sl s B = G lorpnsy Q1D
S22 = v lveprsm)

Hog = 2 = ar

Has = *\(V’f .50 = J‘(V’f B*,5%) a18)
Haz = 3¢l ve,pe.54588 = 55 |(v+,Br50)
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A—M=
—(B*ky
+V*kg
+5*kz) 1— 8%
+(1 —SS*)kgl (1= 8k (,wf(g*)) b
wB oy
—
+7B* (1~ %)
VR 1%/%2? V(1 - 4) ki)
+5%k3)
—V¥ks — A
PF(S*) — AV
—{(B*ky
Bripormszty — Btha  —B*(y+ k2) +V*ky
54 kz)
—B*ki— A
(119)
‘We classify the first fixed point:
EO@©W©@ RO §0)=0,0,0).
Gl v+, Be 50— 0,0) = b
T/i"(V*,B*,S*):(0,0,0) = hy (120)
78 v B =000 = k1
B3 loreBrs =0
L‘?‘(V*,B*,S*)z(o,o,o) =—¢
3|+, B 54)=(0,0,0) = O (121)
o l(v+,B-,50) =0
fg.' ‘(V* B*,5=(0,0,0) = 0
\(V* B, 57)=(0,0,0) = 0 (122)

BB ‘(V*,B*,S*)f(O,O,O) =0

= av \(V* B*,5%)

En = i\(v* B* s*)7=12
= = 3515

Ei3 = f Heve,Be,g+); Bo1 =

Sog = \(V* B*,8+)
i\(v’« Be.5- ),~s1 8| 5v p- 59)
Plore Be .5+, 838 = g5 l(ve,B+, 57
kg — A ko
A— )\I|(V*,B*,S*):(O,0,O) = 0 —p — A
0 9]
det |4 — )\I‘(V*,B*,S*):(O,O,O) =0
det ‘A — )\Il(V*)BﬂS*):(Oyoyo =0
(ks — A) (i + M)A — Ey det (8 ° )

0 —p—2A
+k1det(0 0

>:0
(ks — N+ XA =0= X1 = ks
Az = —p3 A3 =05 k3 > 0,0 >0

Then the first fixed point is a saddle point.
‘We classify the second fixed point:
E(l)(v(l)ﬂ(l)’ g(l)) =(0,0,1)

(123)

(124)

ki
—A

(125)

(126)

(127)

\(V* B+ ,§7)=(0,0,1) = —ks; f(5=1) =

{/ v+, B+,89=¢0,0,1) = 0 " (128)
BB lovemr s9=0,01) = 2T
%‘(V*,B*,S*):(0,0,l) =0
B¢l B 5)=0,01) =0 (129)
Faloepe 5= = —0f(S" = 1) =~
el prsn=@on = —@ — ks
?ﬁ‘(v*,B*,S*>:(0,0,1) =0 (130
35 7.8+ 99)=001 = 0
;5 22| (e, Br,55)=(0,0,1) =
2l (ve,Be 59)=(0,0,1) —0 (131)
Bl (veBesm=001) = Y EF — ks
— ‘ f1 ‘
1= Cf?ﬁ (v+.B* s»f)7~12 v Be5%)
Ei3 = ~ 58 v+ Be 5y Bor = B2 (v Be,sv) (132)
Ea = 57 lve,Br59)
| =25
_23 ? (V+,B* s»f),-—‘sl (V+,B* 8%) (133)

2l(ve,pe 53 838 = Sl (ve,Br 57

—ka— A 0 —p e
A—xl= 0 —p— k3 — A 0 (134)
Vimax
0 0 s Y
det |A—M| = (ks +)\)(50+k3+)\)(¢ Vine —kg—X) (135)
‘We get three cigenvalues:
Vmax
A= —kgida = —(@ T h3)As =9 1 ks (136)
Fg;;? Eigenvalues | Parameters
P conditions conditions
status
AL <0 ks > O+ ks >0
Stable Lho < 0 g ¥ms < iy
node &)\2 <0 Cant cx1st for our
i parameters values.
)‘1>0 k3<0;<,0+k3<0
Vinas
Un;table Ao > 0 pmss > Ky
node &A3 >0 Can't exist for our
parameters values.

Table 1a. Chemostat system with dilution control parameter fixed points

and eigenvalues conditions.

We already calculate our chemostat scaled parameters in and

have the following values:

=18.74;4 = 3.69,a = 1.81
Y =1.845,8 =71

(137)
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For our Chemostat washout rate balance parameters
3

ki[ml/sec] we choose Vir =1; 3 k; =1 %‘(V*,B*,S*):(0,0.&BS,OJ?G) =0.874 X I (141)
. i=1 —3.60 x f(5* =0.126) =0.87d x ky — 0.24
Bi=1= k1 =02k =03, ks = 0.5
EV ! ? i (138) f(S* =0126) = 53125 = 0.065 142)
(Yzg =1.31) > (ks = 0.5). ‘(V* B*,5%)=(0,0.885,0.126) = 0
Fl).(e? Eigenvalues Parameters % \ (V*,B*,5+)=(0,0.885,0.126)
ptoltn conditions conditions =—1.845+18.74 x 0.885 % (1 — #) (143)
Stalus —(0.885 x ki +0.126 x kg)
Saddle 2;; ’s kg > 050+ kg > 0 .
) 2 < ¢Vmax > ks T (V+,B*,5+)=(0,0.885,0.126)
point &As >0 Z14.49 — 0.885 x &y — 0.126 kg (144)
Can exist.
N <0 ks> 0o+ kg <0 g; ¢+ B+, 5%)=(0,0.885,0.126) = 0
Saddle ! o ¥max o o *| (v B, 57)=(0,0.885,0. 12)
point bdo>0 ot 20885 % [3.00 % A1) (143)
&A3 <0 Can’t exist for our (1.51+0.126) s
parameters values. = 0.885 X [LT7 — k3]
ks <O+ k3 >0
)\1 >0 3 g ‘ + B* &+
Saddl Vinax as (V*,B*,5+)=(0,0.885,0.126)
ot | <0 vt <k DB oty o] - 0855 x (17T ko] 14O
&A3 <0 Can’t exist for our
parameters values.

Ofs
’ ——|(v+ B §+)= = —0.885x (18.74+k2) (147
Table 1b. Chemostat system with dilution control parameter fixed points v ‘(V ~B*,8*)=(0,0.885,0.126) ( + 2) ( )

and eigenvalues conditions. 0%
TBQ\(V*,B*,s*)z(o,o.gga,o.126)

F;‘E? Eigenvalues Parameters =¢f(5*) — 2B *:1 — 5"k i {148)
l;[atus conditions conditions =024 = 177 % fy — 0.126 x ks
A 0 ks < 0 ©+ kg < 0 A-Matrix
1> V. element
Saddle & > 0 by <k s &
point 2 . A matrix vagies tor
&A3 <0 Can’t exist for our A matrix clement E =1
parameters values. element Function of k k
g =02
kg<0',(p+k3>0 ko = 0.3
Saddle >0 op Yomaz > kg Y
point &Aa <0 atl ks = 0.5
&X3 >0 Can’t exist for our Pl ve.p,5m) 0.748 x ks 1383
parameters values. 57 =(0,0.885,0.126) —0.885 x kl — 1.58 )
. 37| (v prs*
Saddle AL <0 k3v> Ot ha <0 jV (:(0,0.885,0).125) 0874 x ks 0-262
oot &da >0 VR > s Selormsn | 0s7ax k024 | 00652
&X3>0 Can’t exist for our 77 =(0,0.885,0.126)
parameters values. 55| (:‘E;’fggg ’;) 126) 0 0
Table 1c. Chemostat system with dilution control parameter fixed points %‘ (V*.B*.5%) 14.49 — 0.885 x ky 14.25
and eigenvalues conditions. =(0,0.885,0.126) —0.126 X ks ’
%‘ (V*,B*,5%) 0 0
Second fixed point is a saddle point. We classify the third 7 =(0,0.885,0.126) RS
fixed point: B (V@ B®) 5))=(0,0.885,0.126). Sl (‘E*,B*,sw | [i 77—k 112
—(0,0.885,0.126) |1.77 — k3
m‘ —0.885 X
V*,B*,5* _
%‘(V*,B*,S*):(0,0.sss,o.l%) o (:(0,0.885,0).126) (18.74 4 ko) 1685
—(0.885 X &y + 0. 126 >< k3) + (1 —0.126) x k3 (139) %‘ (v Be.8* 024 —1.77 x by 0177
—3.69 x 0.885 x m’z —(0,0.885,0.126) —0.126 x k3 ~

% ‘ (V*,B%,5%)—(0,0.885,0.126) Table 2. Chemostat system with dilution control parameter A matrix
=0.748 x ];;3 — (0.885 x ];;1 — 1.58 (140) elements as a function of k;.

2

T{il‘(V*‘,B*,S*):(0,0.885,0.125) = 0.874 X ke
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1m—A B Z13
Eop — A Zag
31 Sz - A
0.262 —0.0652
14.25 — A 0
—16.85 0177 — A

(149)
= 0
112

det]A — Al = —(1.383 + A)

o (14252 0
Sl 1885 —(01TT+N)

—0.0652 det < 0 1425-2 >

(150)

112 -16.85

det |4 — AT| = (1.383+ A)(14.25 — \) (0177 + A)
10.0852 x 112 x (14.25 — A)
(151)

det [A — M| = (1.383 + A)(14.25 — A)(0.177 + A)
40.073(14.25 — A} = det|A— M| =0

(152)
A1 = —1.31802; o = — 0.240078; A5 = 14.25  (153)
Third fixed point is a saddle point.
211 = jg + v, me s*),uu = L'{}‘(V*,B*,S*)
Biz = Z3|ve,me 5vy; Bon = 22| (ve,nm,5%) (154)
Boz = ¢ |ve.e59)
jg ‘(V* Br 8+ )7~31 = 7; (V*,B*,5%) (155)
32 = 59 lve,Br 5003 Bss = Fglore B s
We classify the forth fixed point:
E@W® B §6G)=(0.0337,0.12,0.676).
| e v ) = —(B*h1 4+ V*ha + §*ks)
:(0.0337,0.12,0.675)‘/
* *_ Vinax0
+(1 = 8%)ks =B Tatimyr 156
) e pes = —(0.12 X 0.2+ 0.0337 x 0.3
=(0.0337,0.12,0.676)
+0.676 % 0.5) + (1 — 0.676) x 0.5
1.81 —
—3.69 x 0.12 x a5 = —0.339 57
S vr,Br,5m=(0.0837,0.12,0.676) = (1 — §*)ka=0.0972

5%\(V*,B*,s*),(0.0337,0.12,0.676) (1—5%)ks—wf(S*)
= (1-0.676) x 0.2 — 3.69 x 0.271 = —0.925

f(S* =0.676) = % =0.271
(158)
e
V*,B* 8"
o8 (:(0.0337,0.)12,0.676) (159)

= —V"*ks = —0.0337 x 0.5 = —0.0168

%‘(V*,B*,S*):(0.0337,0.12,0.575) =—p+yB*(1 - %)
7(B*]€1 + V*ko + S*kg) — V*ks

(160)

882 (e pe 54 —1.845+18.74 x 0.12 x (1 — &

—(0.0337,0.12,0.676)
—(0.12 X 0.2 4+ 0.0337 x 0.3 + 0.676 x 0.5)
—0.0337 x 0.8 = —0.017

(161)

V(1= 5) — kil
0.2] =0.615

81
|s*—0.676 = —7(1 5140.676) 0.292 )
%l(V*,B*,S*):(0.0337,0.12,0.575) =B* W‘% — k]
=0.12 x [3.69 x 0.292 — 0.5] = 0.0692

gB [(v=,Be,5)=(0.0337,0.12,0.676) =
= 0.0337 x [18.74 x (177)
Bf( )

(162)
T B*[g)tmext, (a;"gt — ks
:(0.0337,0.12,0.675) st
;fOlQ X [3.69 x TALr0 67 — 0.5] = 0.069 (163
S| (ve.B* 5% =—B*(v+ ko)
=(0.0337,0.12,0.676)
=012 x (1874 + 0.3) = —2.248
%‘ — * *
V*.B*.8* =9 f(8*) =V
o8 (:(0.0337,0.)12,0.675) (164)

7(B*]Cl + V¥ks + S*kg) — B*ky

95| v pe sy = 3.60 x 0.271 — 18.74 x 0.0337
=(0.0337,0.12,0.676)
—(0.12 % 0.2+ 0.0337 x 0.3+ 0.676 x 0.5)

—0.12 x 0.2 = —0.037
0.676

F(8* =0.676) = 181+0.676 0.271
(165)
2= %f%\(v* B 5= — 0.339
S = iy \(V* g+ sm= 0.0972
Elg = (V*,B*,Sm)f —0.925 166
Egl = ? ‘(V*,B*’S*): —0.0168 ( )
Eaz = F| e pe gy = —0.017
Eaz = 52| ve,pe 9% = 0.615
By = %\(Vﬁg*,s*)zo.ow
Hap = F2|(ve Br 5m)= — 2.248 (167)
B33 = 2 |(ye pe gy = —0.037
—0.339— A  0.0972 —0.925
A-N = —0.0168  —0.017 — A 0.615
0.069 —2.248  —0D.037T— A
det|A — M| =0
(168)
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det|A — M| = —(0.339 + A)
; L( (0.017 + A) 0.615 )
e 2,248 (0,037 + A) 100., -
[ —0.0168 0.615 \
00072xdet{ o060 _oozriy ) 1O .
o o [ —0.0168 —(0.017+ A) )
0.925 = det I.\\ 0.069 5948

A=

det|A — A = —(0.339 + A)[(0.017 + A}D0.037 + A)

+2.248 % 0.615) — 0.0972 x [0.0168 x (0.037 + A)
0.069 x 0.615] — 0.925 x [0.0168 x 2.248

10,069 % (0.017 + A)] = 03 A — {

(170
c]c:i.|z1 )J|
= —(0.339 4+ A)[(0.017 + A)(0.037 + A) + 1.582]
0.0072 x [0.0168 x (0.037 + A) — 0.0424] (171)

—0.925 » [0L0377 4+ 0.069 x (0.017 + A)] =0
A=
1.20389i},

Out: {{1=-0.345268), {1=-0.0238662
{I 0.0238662+41.203891 }]—

Forth fixed point is a stable spiral. Remark: washout rate
balance parameters (&;) establish the classification of each
Chemostat’s fixed point. We need to plot our Chemostat
system 30D diagram for different values of washout rate
balance parameters (k;) [6] [7].

MATLAB seript:

Vs z(1) B = 2(2); 5 — 2(3) (172)

XN =z(1)Y = 2(2); 7 — z(3) N
Remark: There is a Basin Of Attraction (BOA) area
surrounding forth fixed point (stable spiral). In the last two
figures we choose initial values for bacteria, phage and
nutrient within BOA area, all attracting values are positive
and fit our forth fixed point coordinate values.

EO(V BB S0 — (0.0337,0.12,0.676) a7

Vo XiBoaYi§ o 4 =)

[II. CHEMOSTAT SYSTEM WITH CONTROL PARAMETER
AND DELAYED VARIABLES ANALYSIS

Our system chemostat (lcompartment gradostat) with control
variables un-scaled equations: 7 # 0;7 > 0.

T2 = V() —V ()B()
+pyV(t - T)BE — 1) - V(t)D

GO — yf(S)B() — WV (HBE) - BOD (174
0 _ 150 " §00D — $f(S)B()/5
D =&(B,V,8) = Bly+ Vka+ Sks

V =V(t);B = B(;5 = 5(@) {175)

The scaled differential equations:

¥vs X for ki=0.2 k2=0.3k3=0.5
150, - :

0 -
v 100 X

Fig. 3. Chemostat system with dilution control parameter 2 v ¥ vs X for
ky o= 0.2 kg = 0.3 ks = 0.5,

Y vs Z for k1=0.2 k2=0.3 k3=0.5

) T
100} A 1000 "o
> | > RN
50/ } \ 50 ‘\\
| RN
0 ~ 0
100 -50 0 50 00 -50 0 50 100
X z
Z vs X for ki=0.2 k2=0.3 k3=0.5 X Yit)Zit)
100, - - 200 -
-\\‘--.
50/ — .
g g 1000 O P
N0 \ | g L
50 - =3 —
1 v, T
-10 -100—
Ll Fr— 0 50 ] 0.05 0.1
X tlsecl

Fig. 4. Chemostat system with dilution control parameter variables phase
spaces and time behavior for by = 0.2; ey = 0.3; kg = 0.5,

&~ ¢V -4VB
B3Vt —T) Bt — ) = V(1) D
%~ VH($)B—7VB-BD

& 150 5104 4(5)Bfs

D =£(B,V,8) = Bhy + Vs + Sks

(176)

Scaling of the above equation: All resources densities in
term of S,

S Vv B
sor — S sogs = Vigsos & B

177
a— Gyt — tD arm
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“ 01025 L L
15 n1 \_\1“ e i _‘_,,-/’ .
00935 v LEM
TS 0.Cog \“"x_,/f/ L
e . .
v * ¥ 00%5 0.3 .

Fig. 5 Chemostat systemn with diludon comrol paramater £ v 7 v X for . L
Fag = 10000 = 30; 00 = 70, Fig, 7. Cheroostat systera with dlution cortinl pasaraeter £ v ¥ vs X for
By =02k = 0.8:0 = 0.5,

¥ s ¥ for k=100 b= 30 k3=70 ¥ v Ztork1=100K2=30 k3=70
0z 0z ¥ ws ¥ Brkl=0.2ki=0.3k3=0 5 w5 Z Br k1=03 ki=03 k=05
0.1005 0.1005
o 0
0.1 0.1
= -02 = -03
> 0.0995 = 0.0095
04 -04
0.000 0.000
07 s o8 oz " 01 o0z 03 o4
- g : 0,005 0.0085
03 0032 0034 0036 05993 05099 06 06001
Z e ¥ fr k1= 100 k2=30K3=T10 ) MEZE) ¥ z
04 1 Zus ¥ fr k1=0.2 k2=0 3 k3=0 6 (0, ViE)ZH)
0 02
03 g 05 /’
N 0 Y
MoDZ £ o0 g
o 2 s M 05999 EM
s N 0.5000] oz
0 0z 04 06 0% D 0.05 0.1
" t Eacl 1]
003 0032 0034 0036 0 005 01
X 1 Izl

Fig, 6 Cheroostat systern with dlution cortrol patarreter variatles phase

d tirce behavioe for g = 100300 = 80; P = 70,
Fpaas et e s e i Fig 8 Chemostat systern with dilution contml pararneter variables phaze

spares ardd titne behavior for by = 0,230 = 0.8; Rz = 0.5,

Dimensional parameters have the following meaning:

o The acaled bacteria equation:
B — iy = BTGy s g 550

178
ieg—)ﬁegS(D}ﬁcﬁ';Iog = 50, (178) Eye
S =f(S)B —yVE - BBl +Vip+ 5k (181
SO0 B 2 0, g0 = 7
o= (0) = rl-ﬁ'-m_fs_;@ (179) Let take the phages differantial equation
i — o l0) = 5 ieee .
¥ = E
S0 torrn has units of eoncentration, D[1/sec] has units of U5 -V, D-%%% AT Y B (182

teciprocal time, We already scale the notrient squation The
scales rotrient equation is:

% = @V — VB +§ ¥ [t =) Blt =)= VHD (183)
a5
=7 =1 =SBy +Viy +8ks) —4f(5)8  (180) Dimensional parameters have the following meaning
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b= iy B S kISO e
kg — kpS©88; kg — SOk,
SO > 0,B(0) > 0,55 —+ 815 —a
s Vo 55 (185)
F8) = e srsor
D =Bki +Viks + Sks
% =—@V — VB4 BV —7)B(t— 1) (186)
ZV ()[Bky + Vs + Sky]
%[S(X)(B;S} = 750‘/5‘ as 7VS(OIMB
BTV (t ")5<05 B —so g (187)
Vi )—(‘f[—(‘rklg( B V sogshe 86
+7Tk33(6)]
Vit — Vit
(=T gihgs + V(E—T) (188)

B(t—r)—(—r%B(t—T)

&g = —¢V soas — 208 5BV s Babs B
-H@VS()MV@ T)s(O) 5B(t )S(0>6ﬁ
VO sk SO+ Vit ha SO0
+stor kS f)

(189)
EV ==V —WBE 4 WV (- 71)BE-7)5 (190)

Measuring S, a, B/§ in units of SO and time in units of
1

#VE =—pbV —WVBL

+V({E —-7) Bt —71) (191)
—V()[Bky 4 Vo + Sksl &
iyl iy {192)
(Bl + Vs + Sks]§ — [Bha + Vs + Sk (193)
ﬁ%;hW%“W%][@
yjﬁg[mw@%ﬁ — [5] (194)
*ﬁs(o)[ lks[] = [2]
%ﬁ%%wﬁdtvfﬂov WBL 195
TVt — B — 1) — V($)[Bly + ng 1 Sky]
The scaled phage equation:
4y — _ 1 _ _
2V oV —yVBz +4V (- n)B{t - 1) (196)

The Chemostat (One compartment Gradostat) with delay
variables and control parameter scaled equations:

dS

— (1= S)(Bky+ Vot Sks) — 9f(S)B (197)

%VzfgonyVB%erV(th)B(th) (198)
cZB

— 7¢f(S)B YV B — B[Bk1+ Vka+ Sks]  (199)

Stablhty analysis: The standard local stability analysis about
any one of the equilibrium points of Chemostat system with
control variables consists in adding to its coordinates [V BS]
arbitrarily small incremertts of exponential form [vbs] e
and retaining the first order terms in v, b, s. The system of
three homogeneous equations leads to a polynomial
characteristics equation in the eigenvalues A, The polynomial
characteristics equations accept by set the below phage,
bacteria, and nutrient equations (delayed and un-delayed)
into three Chemostat scaled equations. The phages, bacteria,
and nutrient fixed values with arbitrarily small increments of
exponential form [vbs] e are: ¢ = O (first fixed point}, ¢ = 1
(second fixed point), ¢ = 2 (third fixed point) [2] [3].

V() = V@ oy et
B(t) = BO b 5(1) = §@ 4seM
(

V(t—r1) =y 4y -7 (200)
B(t—7) = BO 4peMe=T)
Vi=0,1,2

We choose the above expressions for our V'(t), B(¢), S(¢) as
small displacement [vhs] from the system fixed points at
time ¢t =0,

Vit =0) =
S(t=0) =

V® 4o B(t = 0)
S0 4 g

— p®
BY +b 201)

for A < 0,¢ > 0 the selected fixed point is stable otherwise
A > 0,¢ > 0is Unstable. Our system tends to the selected
fixed point exponentially for A < 0,¢ > 0 otherwise go away
from the selected fixed point exponentially. X is the
eigenvalue parameter which establish if the fixed point is
stable or Unstable, additionally his absolute value (|A])
establish the speed of flow toward or away from the selected
fixed point [10] [11].

We already approve the equation for f(5):

[S(z’) +se”}a+ [S(i)]z
la+ §@]°

First we take the Chemostat Nutrient differential equation:

F(8) = (202)

dS

= (1— 8)(Bhy+ Vha + Sks) — ¥ £(S)B  (203)

Addmg to its coordinates [V B.S] arbitrarily small increments
of exponential form [vbs] e’ |, and retaining the first order
terms in v, b, s.
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Sty =89 15eM;B() = B the™
digt) ANV (@) = VO oyt
v — et
dt
sAE = (1 [§D 45 M) ([(BD +b Mk

HVD fueMky + [S(i) +s e ks)

() s /\t o (z i
—{ Is +ais(1);r2[s }[B( )1 e)\t}

sheM = ([1- S(i)] - 55“)(3@ Foy < bloy !
VO by - 0ky € 1 5O ks 4 shs )
( a+-sae ( k3
U B e
sAeM = ([1 — 8O — s ) (BOky 4 biey
F VO Ryt vk e 45O ks sy )
7{1#5(1 WB +¢S(z abet +¢Me“B<I

[at850] OL(JSSW]( X [a?r;?( N
sa et bett [s*]" B [S4] e
+ [e+s™] ¥ la+8()] v lat5(9] }
she™ = ([1 - U] — s (B by by

VO Ry + vkg e+ 5O k3 + sky )
7{1#5(1 aB® + djs(i) abe*t + saert B4

o] atJrS(t 3 farsTs
sa et et (53] B [S9) per
+e [a+56)] + ¢ a+S(1 +9 lat+-$@)] }
sheM =[1 — SO BOk; + VO kg + §9 ks

+[1 - 5] [bhr €3 vko X ks €]
—[BOky + V@ kg + 5§ o] s e
—[bky &M foky Mt 4 sk eM]s et
s ap® S0 abett sae™t B(X)
7{7# lat 5G] +¢ %ts(i)% +'¢ [a(*)S()
saet be“ s B [$00) p et
+¢ [a+8(D] 11) [a+8)] 11) la+5G)] }

sb e Oyus a2 0; 9%
expression :

0 and the equation get the below

sAeM = [1— OBy 4 V@ kg + 5 k)
H[1 — 8O [bhy M +vky M kg M)
[B“)kl + V@ ky + 50 Bg]s M

( ) ghe sae™
7{1’b a+S +¢Sa+sb)] +’¢ [a+5
[5(1)] B(l) [5(1)] et
Versor TV arem) }

Any Chemostat fixed point:

ds

] Vi 5@ 5@
2 —0 @
pr 0; f(5W) =

a+t 8@ Vae=1 = T 50

(1 - SOYBOE, + VOky 4 SOks)
,¢f(5(i))B(i) =0

(1= SO BORy + VOhy + 8Oks)
—p¥ED B — 0

(204)

(205)

(206)

(207)

(208)

{200

(210)

(211

(212)

(213)

sAeM =1 — §O)BOk + VO by + 5O &)
+[1 — 8@ [bky X kg e +5kg €M)
—[B@y + V@D gy + 5(2’) k 3]s et

(214)
- s ¢ & [S(‘ 50 gh et
{d} [a+5()] 1/) [(a;rs(i i 1/) [a+5()]
saet plo) [S0]" pet
+ [a+s(1)] d) [a+S(1)] }
S® ¢ B [st > ()
Plarsor Jat80077 -+ g a+s<l (215)
BUSO ) g
= pEEE = yBD F(s9)

shel = [1 — SO BDky + V@ ky + 1 k)
wm + [1 — SO [bky e 4-vky X +sks e
w@h+v®@+5@mb@t

¢ s@aber  csatt (D ¢, beM
[ars®] la+50] a+S(1)

(216)

AN = [1— SO[BOky + VO by 1 50 k)
—pBO (DY 4 [1 — 5D][bhy & ks €™ +shy ]
—[B@ky + VO by + §@ kg)s M S gbet

e
50
i aert B(’ - u[) (5] beM la+s50]
a+S a+S

(217

(1— 8O (BOE +
,¢f(5(z'))g(i) =0

V@Ohky + S@ky)

(218)

Divide above equation by e and we get

[1 — S(l)} [bkl + vko 4 skg]
—[BOky + VO by + 5@ ks

b 5 ab
lat+s(]? 2,
sa B EARI)
—V e~ YiarstoE

(219)

sA=0

s{[1 — 8@]ks —
—opa B aB®

(B + V@ oy + 5@ k]
el A el SOk +5{[1 — §@Dky

S(l) a s 1) _
Tat+sOTF 1/’ Tots@PFS — o

We take the Chemostat Phagc differential equation:

(220)

sheM =1 — S@|[bky M tukg M 4 sky &)
—[B@k + v(i> o + s<'> k ]se*t

) g e sae et
—pfaber _ geasipn IS

[at&0 a+s( a+s(

(221)

[1 — 8@ [bley e +vky e +5ks eM]
—[BOky + VO by + 50 fg]s M — iig?eft

sa et g S p e At
—¥ fat+-50)] 4 [at+sD] —sAet =0

(222)

%V =—pV - 7VB% +4V@E-71)BE—-17)
Adding to its coordinates [V BS] arbitrarily small increments

of exponential form [vbs] e**, and retaining the first order
terms in v, b, s.

(223)
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S(t) =89 +5eM;B(t) = BY 4he™
—digt) =AM V() = V@ e
%EE) = el

224)

Vit —7) = VO 1y ede=m) — () fyediedr

B(i—7) = BO 4 eMe-7) — g ypregar (22D

AN = —p[V D) o

_V[V(i) + e)\t] [B(i) +be)‘”}%
+’Y[V(i) +UEA167AT}[B(i) +b€)\t€7)\7}
*[V(i) e EAZH[B(i) +b e)‘t} k1
VO v Mk + [P s eMks}

(226)

vheM = —p 7@ —puer V(@& p@ %

o V(z:) beA't % — M g % — wbetter % '
4y VO BO 1y D M= 4 pette=T plH)
+va6)\te—>we>\te—)w _ [V(i) T e)\t]{B(i) k1
+bky X+ VO g 4 vl e+ GO fog 4 skg M)

(227)

WA = —o V) _ppert _y i p@ %
— V(’j) beA" % - M g % — yoberteM L '
oy V(z) B(z) oy V(z) herte—AT 4 ”yUEAE€7A7 B(’L)
Jﬂ/vbe)\tef)ae)\zef)w _ [V(i) ey e)\t]{B(i) kq
+bky e+ VO by 4 vk e+ §O) kg + skg M)

(228)

A = VO _pyert 4O p@ %

—y V(zz) b eé‘ % - M p® % — qyubeter Ll ’
4y V@ BO 1y @ peMte=AT | yyette=T B
typberte MM teAT _ OBk 4+ v ky
+ S(i') ks] — V(.i) [y + ks + shks] €M —[B@ky
+ VO by + 89 kglv e —[bly + vhky

+sk3] Mt » Nt

(229

vAer = V@ 1O p@ % +yv® p®
—VOBOk 4 vy 4+ 59 L] — puelt

— V(z:) het % — ypet & % _ ,Ewb oAt At %
+v V(z) bette— AT T WUEAEE—AT B(z)
+yvbeMte A Mg AT _ (@) [bk1 + vko + skg] Mt
—[B@k; + VD ky 4+ 8O Egly et

—[bk1 + vks + sks]eMuett

Amny Chemostat fixed point:

(230)

tliglo V(i—-7) = Eli{élo V(t); tlLIEOB(tfr) = llg‘(r)lo B(t) (231)

%V — 0= —V® _ va(i)B(i)% +4V@OR® )
_V(i)[B(i)kl VO kg 4+ g(i)kg] =0
VAN = _pueM _y @ pert % —quetp®1
b et Mt % 4y VO pMte T | pettedT plE
Fyuberte A TeNe AT — Dbk + vko 4 sky| e
—[BDky + V@ kg + 5 fglv e
—[bwky + vvks + svks] €N

(233)

wb Oy sv a2 00 w0

AN - vy bt ] v i o) 1
+v V(z) perte— AT + ,},UEALE—AT B(z)

—VObky + vk + skg] > —[BOk + V) ky
+.80 ksv ert

—v eA't —y V@ p et % — yper B(i) %
+y VD peMeAT | ypette=T @

— VO bky + vk + sks) &M —[BOky + VD bt
S(i) kg]v EM 71))\ eM =0

sV foy M fulyeMte T BO
—y et B(i) 1 )\EM _ V(z’) kg ent

. E . .
—[B@ky + VD ke + 50 k3] M)
+b{“/'V(i) M AT _ ,yv(i) e)‘t%
— V@ et =0

Divide above equation by € and we get
— VD kg + v{ye ™ B® —p —yB® %

~V Ok — [BOhky + V@ kg + 9@ k5] — A}
4y V@ AT v % —V@RY=0

We take the Chemostat bacteria differential equation:

dB
= = $F($)B VB — B[Bk1 + Vi + Skl

Ofer Aluf; Dynamic of Bacterial and Phage Populations Maintained in Chemostat System with Dilution Control
Parameter, Transactions on Networks and Communications, Volume 4 No. 3, June (2016); pp: 1-21

(234)

(235)

(236)

(237

(238)

(239)

Adding to its coordinates [V BS] arbitrarily small increments
of exponential form [vbs] e**, and retaining the first order

terms in v, b, s.

B(t) = BO 1p et BB _ p e
%ﬁt) =AM V() = VO pyet
%ﬁt) =AM 51 = 8D s

V(t _ 7_) — V(z’) ey ME=T) — V(z’) +U€)\t€7)\7
B(tf T) — B(i) +be)\(t—r) — B(i) +be)\te—)w

— 89 se*ag[sO]
&) = "oy

. )
FEDNvam1 = G ismy

() 4 (OIN .
bt — g eSO 500 e
77[‘/(1') T e)\t“B(z’) +b e}\t] _ [B(z') +be>\zM(B(i)

+b ey + (VO v ey + (89 +s MY ]

) sae™t 4
bAeM = Famy + [a+s(1)]2][B( ) +heN]
— VO BO Ly D perty gyt
+vb¢2)\t] o [B(i) +b EM][(B(i) k4 V(i) ko
+ 8@ kg) + (bley + vha + sks) &

(240)

(241)

(242)

(243)

(244)
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BNt — ,d)f(sv(z)) BO 1ap f(SD)h e —s VO ks 4 vfye > O _ — ’YB(Z) 1
o BO Hesn s ber VO R - [BOR YOk b SO ) 055)
—y[v® @ 4 V(’) beM + BE ueM 1ube®™ (245) H{y VO e — VW 2 — V@& } =0

—p® (B(%1 + v @y 1+ @ ks)

. ; ) @) ]y — ) @

— BO by + vy + shy) € — (BOky + VO Iy s BY g — B k) — (B ks 7 BY)

+ 8D k3)be —(bhy + vky + sks) M he™ +b{¢,f(5(l)) N VO — @k — (BOky (256)
+V Ok + 8D k) — A} =0

vs 72 0yb = O;sb = Oy sv = 0302 = 0 (246) The small increments Jacobian of our Chemostat system
with control variables is as bellow:

b et = 11;]0(5‘(1)) B® 1o (D) M En 512 513 s

by BO B2 Iy O 4y e SnZe S || v =0 o)

+ B®ye t] BBk 4 VO hy 4 5O k) (24T) S s e

— BO k1 + vk + skg) M —(BPhy + VO by En=[1- S(i)]ks —[B@ky + VD by + §D kg

+S(z) kg)b@M —_p—aBY o B (258)

Tats®?

bAM = f(SD)YBE @ g _ B(i)(B(i)kl

+V Ok + 5D ky) + P f(S)b 44 BO Sty

12=[1 - §NkyE13 = [1 — Sk — ¢ F(3D)
= — V@ k3 Hyy = ye» B —p — 7B(1) 1259

[[] [1]

— VDM gl A p@ (bky 4 vho + skg) M - V(Z) ko — [B(Z)kl + V@D ks + 5@ ka] —
—(BWky + VO by + 5 hg)b M 50 g EOF g ap s
- (248) sl s T e 50
int;: 22 = (: s a [s1] — i 260
Any Chemostat fixed point: %7 = 0: [aEg + B‘HS)\)] - [a+5(1 = f(S®) (260)
P =0= g f(0BO —vORO B =y VWe ™ V@i vl
B(l)[B(Z)kl +V@Ohy 4 8@ks) =0 Es1 = B far s Bk (261)
= @ ®
BA N = 4 f(SENb M 4op BO) We?nf s (B' k2+%§ ) ‘
VO by O ve— g, (250) Zsp = WD) VO BTl e,
+oky + shs) M —(BOky + VO Iy ~(BDky + VO kg + 5@ k3) — A
i A
+ 5 k3)be 1— §00ks [1 = 5@k,
— (B, ) - sCa
SHEDN 1y BY (st — g V@b VO ks SOk LSOk i
a+5! _ aB(®
oy BD weM — BO(bky 1 vky 1 shs) (251) s A o e
—(B@hy + VO Iy 4 59 )beM —bA M =0 i B
—’YJ-?'(;) % VD) gmAT
s(y B W B® k) —u(BW ky e —Viks :[J‘g(m]:f 77‘{'(;) ; ;
+9 B® M) 4 b{eh f(§D) Mt —y VB (252) + V@ ke VPR o 0
~ B9k e —(BOky + VO iy + 9O k3) e + s ks
Aty _
—Aey=0 #1(s)
Divide above equation by e and we get :'g(c) L
(wB(Z k‘[ +g<z>]? —BW (ks +) 7(3(%11
s BY oy — B ks) —v(B@ ks + 1 BO) o TR
TB{pF(SD) — V@ — pO |y — (B@f,y (253) 5T
N (O S S(i) k3) —A}=0 (263)

‘We can summery our Chemostat three equations term of s »
and b: A-A=1] Exn

1 [11 [11
=
@

W=
wow

3 ) ydet|A— M| =0

[
@
“

[
@
0
@
@

s{[1— S(i)}ks — [BOky + VO ky 4 ) ]
G

N
ST
==
Be
==
Boe
==
[
& W
Se—— 1] [1] [1]

aB _g® O]
w a+s g M [J;(v[l 5 bl = S (25%) Tar Tsz Tas
—p S~y By —o (264)
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Ti =1 — 5@s — [BDky + VO by 4 5O Jog]
#ﬂrm =[1— 8Dk,
Tiz =[1— 89k — P f(SD); Toy = V@ g
Too =7e* B —o — ’YB(Z) 1 _ vk,
—[BOky + VO oy + 5 k]
Tos =y VD e — 4 y® l — vy
TSl - (¢ B T{Z]T B )ks)

Tazf*B(z)(]ﬂer 7 )
Tss = o f(8D) — VD _ pOJy
—(BOky + VO hy + 8D k3)

det|A — M| =0

(Ta1— ) det( “gz; A (Tiﬁj Y )
~Tizdet Ei (T;f?j N

E -
(Ti1— N{(Tze ~ A)(Ta5 — A) — TsoTas}

—T1o{To1(Ta3 — A) — T31Tos}
+T15{T21Ts52 — T51(Ta2 —A)} =0

(Y11 — A){To2Tas — TsaTos

—A(Tag 4 Ts3) + A%}

—T12{T21Ta3 — Ta1Tos — Ty A}
+T13{T21 32 — T31To2 + Ts1A} =0

T11 T2 33 — T11 T30 Tas

—AT11(Taz + T33) + T11 A%

—AT9 T35 + AT33 a3 + A2 (Tag + Tss3)

—A3 = T19T21 T35 + T12Ts1 Tog + T12To1 A

+T13T T — T13 T3 Top + T13T51A =0
—A3 4+ N2[T11 + Tog + Tss] + A[T32Tag
~T2oT3s + T1aVo1 — T1a(Taz + Ts3)
+T13T31] + T11T22 T35 — T11T50T o3
—T12T21 33+ T10T31 o3+ T13T21 T32
—T13T351Tee =0

‘We define the following parameters:

Hy = —1;50(7, k1, ko, ks) = T1a + Too + T3

E1 (T7 k;17 k?y kS) = TSQTZS - TZQTSS + T12T21

—T11(Toz+ Tas) + T13 T3

Ep=T11T2sT33 — T11T32T93 — T12To1 Tas
+T 12731 o3 + T13To1 Taz — Y13 V51 Ton

‘We get our Chemostat system with control variables

characteristic equation:

DA 7 ke, ks ks) = E )\J:J(T ko, ko, k)
T3>0k >0, k2>0 k3>0

(265)

(266)

(267)

(268)

(269)

(270)

(271)

(272)

(273)

(274)

(27%)

‘We have three Chemostat stability cases:

(7> 0k =kka=ks =0
27> 0k =k =kk =0
B)yr>0k =k =ky3=k

‘We need to get characteristics equations for all above
stability analysis cases. We study the occurrence of any
possible stability switching resulting from the increase of
value of the time delay 7 and ki, ko, k3 parameters for the
general characteristic equation: D(A, 7, k1, kg, k3) or
D(X, 7, k). If we choose 7 and k parameters then the
following:

DA 1, k) =

Puld, 7, k) 4+ QualX, 7, ke (276)

IV. CHEMOSTAT SYSTEM WITH CONTROL PARAMETER AND
DELAYED VARIABLES IN TIME CHARACTERISTIC EQUATION

We choose to analyze for first case: 7 > 0;k; = k and
ko = ks = 0. We need to get characteristics equation:

DO kY = Ba(A T k) 4+ QN 1 k)e ™ Q277

T =-BOE 44
[a+ S< )]
T3 =[1- 8§Dk~ ¢f(5(l)) Te1 =0
Too = BO[ye™" —p — 74 — K]
Tos =y V@ e’” - ’yV(” L o y@g
Tog = VW[ye™™ — v — k}
Ta = TI}B 9 'ga+;(1)]§?r32 = *’B(i)’)’
Tss = ﬂl)f(g(z Y= v® _2p@g
Egz ,_27T11+T22+T33
, = —BC )¢ﬁ7 B()(p ’YB() 1
+¢f(5(l))_ Ve —4B(1>k+3(1) ve M
Bgy = —BC ¢m BWp —yBO &
+¢f(5(i)) V@ _4B@O

Sog = VB(i) ;59 = oy + Soge

——ah T (278)

(279)

(280)

(281)

—AT

Z1)ri5=0,To=0 = T32T25 — T T3 (282)
—T11(Tog + T33) + T13T5

B =-BOy V(“’)[WE’” v ,

—BOye™ —p— 75— H[W(S(’)) yv®

—2B®Dk] + BO(E 4 o }{B Dye= 7

-B9(p++3 +k)+d)f(5(l)) yv®

—2B®k) 4+ {[ S@}

— SN BD o)

(283)

= BOyy@ e 4 pl )WV(Z)(W;; + k)
—B( )[d)f(g(z)) — V@ _2BOye T
+BO o+ 95 + B F (S9) —y v —2BO]
B O+ ) (B e
(o g+ R+ LFED) - v 23(’)76)
{1 - SOV - 7 (59} { BO

(284)

s
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= - BDyvOye 4 pOyy (v + k)
B @ [¢f (s (’)) — 7V 2Bk yeA7
+BD (o4 v§+ k)[iﬂf(S(’)) v —2BEE
FBOE 4 ¢ ot HB e (285)
“BO @ty + k) + g f(S©) - v @
,QB(i)k} +1{[ S(i)]k _ ¢f(5f(i))}

{4 B® W}

E1=—BD VO + Oy O (3L +k)

_B® [z/)f(S(i)) — VO _2BOk)ye "
+BO(p+ g+ k)[¢f(5(’)) v 2RO
+BO{k + dfmg}B( dyeAT (286)
+BO{k+ wﬁg}wﬂsm v

—2BWE — Bé o + 75 + k)]
+{[1— 5Dk — 4 F(SD) o BD rsoT

B ={—yvO+BO{k+ Ldmwiond
—[wf(s@) -

S(i) ¥
Sy B(Z)k]} B (287)

1= S0 + Eee (288)

S5 =By VO (v + k) + BO (e

73 DIAS) v 280k

+BOk oo }W(S(’)) V@ (289)
—2B@k — B(’)(so +7%+ k)]

HL = 8Dk~ f (SN HY BY e}

S1= (VO LBO + v o)~ (5
—yy@ fZB(’)k]}B(’)we’)‘T + B@ VO3 + k)
+BO (o + v + B[ f(5D) — 7V 2B )k}
+BO{k + ¢ﬁ}w<s@> yV® -2B@k
—BO(p+ 5+ 8] +{[1 - Ok —pf(s)}
{4 B® HTZ}

(290)

Zolri=0,Ta=0 = T11T22Ts3 — T11T32 Vo3
—T13T51 oz 291

ol t1zm0,Tar=0 = —BOLk + 42 } BO[e
—p— WE*kHW(S(Z))*WV(l; QB%Z)k]

*B('L){ker[ 5( }B()”YV(Z)[’YE )\T*’Yl*k]
—{[1 = 89Tk = f (8} B? o (B0
—p— 75— H}
(292
EU‘TIZ:QTZI:O = [B(z)} {]c+1[) a+S( }W;f(’g(z))
—y V@ —2BOE e — (o4 75 +k)}
— B+ iy by V@l M~ (vE + k)]

—{[1 - 5Dk — ¢f(5(1))}¢m[3(i)]g[W€7A
—(p+r5 k)
293)

Bolri— 0,3 o =—[BD{k
e Y F(8®)
77V(’) QB(Z)k]rye*)\T
+[BW? {k+1/)a+5( HebF(8)
—yv® 723(%] lp +w + k)
[ (1)} {]94,,»4;[ }’YV()’)/E AT (294)
+[BOP2 {k+¢ S( Z}WV )(73 + k)
—{1 - 59k - ¢f(5( )}¢
[BOP2ye—7 4 {[1— 80 )]k ¢f(5(l))}
d)w[g()} (p+75+k)

Zolris=0,Ts1=0 = =Bk + o2y a+5(1) Heb F(S®)
vv@) —2B9K (0 + v +k)+[B<’>} {k
AR AT aHz V@0 L)+ 41— SOk

SN i [ O+ 5 + k)

—({n- sw VSN o
bt S AE) VO 2800
+{k+ ww}ﬂ/ VO BOPye

(295)

Eoalris=0,15—0 = [BO]? ‘U“ﬂbm
HSS0) VO 28O + 71+
HBOP{k+ ¥t Iy VO (g + R (296)
+{[1— $®k - ¢f(5())}¢*z[3()]

le+75+h

2ol ri0=0,T31=0 = Zo1|119=0,Ts: =0
:“ 12 21 7)\1 12 21 (297)
+Z02|113=0,Ts1—0€

:02"1'12 0,Tz1= 0*7({[17 (i)]k wf(S(i))}
Vg bt s HAHED) — v VO a0g)

2BOK] 4t + oy by VO BOP

D\, k) = E )\J_](T k)
T>0k1—]€>0k2—0k3—0 (209
D\, 1,k) = E A =i k) = A*Z,(r, k)
+)\QEQ(T, ) + )\_1(7, k) =+ _o(T k)
D()‘v KB k)lleZO,Tm:O =X+ )‘2(321
+Eo0e ™) + A(E11 4 S10e ) + By (300)
+Z02e™
D()\7 75 k)"fm:O,Tm:O =2+ )\2321 (301)
+FAZ11 + 21 4 [AB1z + Sgo + Sagle
Bo1 = B01(k); Baz; B11 = Ena(k); B1o = Ena(k)
- - - - 302
So1 = :01(7€);:02 = :02(]9) G0
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98y _

‘ 4B(z) 8522 =0, Balél _ B(Z)VV(Z)
+B(2)[¢f(g(z)) yv® ,23(2);@ BW(ep
+75 +k)2BE + BER F(SH) — 4y

B(’)k B(Z)(¢+75+k)]+B(1){k (303)
a+5(1 }[ 2B _ B(z)} +01 g(z)]
{¢B a+S( SRy
Bz _ o8Oy (304)
Ok
%o = [BOPRF(SD) — y v 2BOK (o + 71 +F)

+1 (‘)]2{’f+71)[aT§}( 2BD)(p+vE + k)
HBOP{+ Yo (5) - v _apoy
HBOPOGT T D 1 (BOR 4tV O
— SN [BY? (90+7 +k)

+ ST
+1- S(”]k z&f(S@)}w e BOP
(305)
e — —([1 - S9N ey + [BF(SD)
—y V@ 2Bk — [kt oSy e 12B® (306)
V) [BUO2y
DA, 7, k) ti0=0,Ta—0 = =A% + A2B21 + ABny 307)

+Z01 + [AZ12 + Zo2 + Bogle™"

Po(A k) = =A% + A2551 + AB1q + Eo1 (308)
QA k) = AB12 + (So2 + Ea2)
—AT
DOGT,E) = o\ E) 4 O (3, Be 309)
n=3m=1n>m
The expression for P, (A, k) is
n=3
Buh k) = 3 m(R)N = polk) + pu(k)X
Z (310)
+p2(k)A2 + p3(k)A®
po(k) = Borsp1(k) = B11yp2(k) = Eansps(k) = —1 (31D)
The expression for Qm (A, k) is
m=1
QnAB) =3 alX =go(k) + (A (312)
=0
qo0(k) = Zoz + Z22; (k) = E12 (313)

The homogeneous system for S, V, B leads to a
characteristic equation for the eigenvalue A having the form

POVK)+ Q0 k)e™ =0 (314)
PLE) + QA ke ™ =0
POVK) = 3 anh QOK) = 3 e G135
=0 _0

The coefficients {a;(k),c(k)} € R depend on k (active
washout rate balance parameter), other parameters kept as a
constant.

ag(lc) = 501?a1(7€) = Ell;UvQUf) =ZEn

as(k) = —1;c0(k) = Boz + Zog; e1(k) = Enp
The designation of the variation argument (k) will
subsequently be omitted from P, @, a;, and ¢;. The
coefficients az, ¢; are continuous, and differential functions
of their arguments, and direct substitution shows that
ap+cp#0 for k € Ry ; that is, A=0 is not of the following:

PO kY = PO); Gl k) = Q(A)
P\ + QA ke =0

Furthermore, P(X), Q(A) are analytic functions of A, for
which the following requirements of the analysis [BK] can
also be verified in the present case:

(316)

317

(1) If A =éw,w €, then P(iw) + Q(iw) # 0.

2) ‘Q()\)/P()\)‘ is bounded for |A| — co,ReA > 0. No roots
bifurcation from co.

(3)F{w) = | P(iw)|® — |Q(iw)|? has a finite number of zeros.
Indeed, this is a polynomial in w.

(4) Each positive root w(k) of F(w)=0 is continuous and
differentiable with respect to k parameter.

We assume that B, (A, k) and Q. (A, k) cannot have
common imaginary roots. That is for any real number w:

A =i, k) + Qm(A =i, B) 20 (318)
Po(A = tw, k) = —w?Ba1 + Bo1 + tw[Z11 + w?] (319)
Qm(A = iw, k) = wE12 + (Eog + Ea0)

Po(A =iw, k) = —w?Ep + Eop + iw[E11 +w?] (3209
Qm(A = dw, k) = iwZ12 + (So + Zaz)
|Q e, k)|? = w?E25 4 (Sop + Z2)? (321)
Flw, k) =|Pliw,k)? —|Qiw, b =w®
+w4[E%1 + 2511] -+ wQ[Efl - 2521301] + 531 (322)
~w?fy — (Soz + Zm)”
Fluw, k) = |P(iw, b)? — |Qiw, b)? = w®
+w4[E§1 + 2511] -+ wz(E%l - 2521301 - E%Q) (323)
+Eﬁl — (Eo2+ 522)2
‘We define the following parameters for simplicity:
By = 52, — (Zog + Zoz)?
by =5} — 2501501 — 5Fe (324)

By =52 + 2511, P =1

Hence F(w,k) = 0 implies Z By (k)w? = 0 and its roots

=
are given by solving the polynom1al

URL: http://dx.doi.org/10.14738/tnc.43.2077




Transactions on Networks and Communications; Volume 4, No 3, June 2016

- - —_ 325
Qr(iw, k) = Eoz + S2o 325

Qr(iw, k) = wEis

Hence
sin8(r)

_ —Pr(iw,)Qr (iw, k)4 Py (iw ) Q rliw,k) (326)

1Q(iw)]

)

cos 8(7) 327)

— _ Pr{iw,R)Q riw,k)+ P (iw,k)Qs (iw,k)
QW)

3
Which jointly with F(w, k) = 0= 3 g (k) =0

=0
That is continuous and differentiable in k parameter. We get
the following general characteristic equation.

DT, E) = Poa(AE) 4+ Qu (A, ke

n=3m=1n>m (328)
We use different parameters terminology from our last
characteristics parameters definition:
plk) = apqk) = asn=3m=1Ln>m  (329)
Additionally F,(\, k) — P(X); Qm(A k) = Q(A)
3 1
POY =3 "ad5Q) = a) (330)
=0 =0
P(A) = =A% 4+ A%E5, + ABn + Enn 331

Q) = AZ12 + (Eo2 + E90)
n,m € Ng;n > m and ez, ¢ : Rig — R are continuous and
differentiable function of % such that ag + cg # 0. In the
following "—” denotes complex and conjugate. P(\), Q(A)
are analytic functions in A and differentiable in & parameter,
The coefficients {az(k, ...) and ¢z (k,...)} € R depend on
Chemostat with control variables system’s k... values. The
designation of the variation arguments (k, . ..) will
subsequently be omitted from P, @, a;, ¢;. The coefficients
a;, ¢; are continues and differentiable function of their
arguments, and direct substitution shows that
ag+ cg 7& 0,501 + Zp2 + Za2 7£ 0. In addition, since the
coefficients in P and Q are real, we have P(—ew) = P(iw)
and Q(—dw) = Q(iw) thus A = iw,w > 0 may be on
eigenvalue of characteristic equation. The analysis consists in
identifying the roots of characteristics equation situated on
the imaginary axis of the complex A — plane, whereby
increasing the parameters k,... ReA may, at the crossing,
change its sign from (-) to (+), that is, from a stable focus E*
to an unstable one, or vice versa. This feature may be further
assessed by examining the sign of the partial derivatives with
respect to k, ..., Chemostat system parameters [2] [3].

AT = (U5 ) =i
©,7,8, ... = constiw € Ry

(332)

If Ak)>0 (or <0), then the crossing proceeds from (-) to
(+) (or from (+) to (-)), respectively.

Flw,k) = \f(ika)\iz —|Qiw, k)
Flw, k) = z@gl(k)wﬂ
=0

Flu, k) = Do) + Bak)e?
+{>4(k)w4 =+ 'i's (k)wB

(333)

4

Hence F(w,7) = 0 implies 3 $oxw?* = 0 When writing
k=0

P(A) = Pp(\) +iP(A) and Q(A) = Qr(A) +iQr(A), and

inserting A = 4w into our system’s characteristic equation, w
must satisfy the following:

sinwr — g(w) _ —PR(iw)Qz‘(iw)'#»l‘;'z(iw)QR(iw)

coswr — hiw) — — PR(MQR(\%Z?;I (£)Q1 (iw)

(334)

Where |@(iw)|? # 0 in view of requirement (a) above, and
(g,h) € R. Furthermore, it follows above sinwr and coswr
equations that, by squaring and adding the sides, w must be
a positive root of F(w) = |P(iw)|?> — |Q(iw)|? = 0.

- i

W 2 W W

cosf(r) = —=£ £ \Q(z’t)\z L
The above equations are identical to those in reference [BK],
except that the variation arguments are k parameter or and z
parameter, instead of 7. F(w) is independent of 3 thus g(w)
and h(w) equations imply F'{(w) = | P(iw)|* — |Q@Ew)]* =0
equation, but not the other way around. The system of g{w),
h(w), and F(w)=0 can be solved mumerically and graphically
over the domain interest in the (k, z) plane. First we solve
the polynomial Fiw) = | P(iw)|? — |Q(iw)|? = 0, retaining
only the real positive roots w, and discarding the others. The
result is a 2D manifold (surface) w=w(z, k) in a three
dimensional (3D) space (z,k, w), where w is continuous and
differentiable with respect to its arguments, with the possible
exception of infinite derivatives on 1D continuous line. We
check which w’s on the surface satisfy equations g(w)=...,
h(w)=... for some fixed value of 7. The projection of these
lines on the (k,z) plane gives the loci of possible stability
transitions of the Chemostat system. In the following, the
subscripts A, w2, @, 7, 8, k, ... indicate the corresponding
partial derivatives. Let us first concentrate on A(zx),
remember in A(¢), @, 7,5, k,...) and w(@,e,7v,8,k, ...), and
keeping all parameters except one (z) and 7. The derivation
closely follows that in reference [BK]. Differentiating active
circulator characteristic equation P(A) + Q(A\)e "= 0 with
respect to specific parameter (z), and inverting the derivative,
for convenience, one calculates:
Remark:z = %, p,7, 5, k, ..., etc

(335)

@)

— =P A00A2) 0 2) P(Ae) —TP(A2) QN 2)
- P (0a)Q(00)— Q. (\e)P(Rz)

Where Py, = %, ... etc., Substituting A = iw, and bearing i

P(—iw) = Pliw), Q(—w) = Qlw) then ¢ P, (w) = P, (w)

and Q) (iw) = Q(ww) and that on the surface

| P(iw)|? = |@Q(iw)|?, one obtains:

(336)
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BA) 1‘>\_W
_ (zP o (w0, 2P (iw,3) i 5 (iw,z)Q(}x,z)—T\P(iw,r)\z) (337)
o P, (fw,2) P (10,2)— Q. (w,2)Q (1w, 2)
Upon separating into real and imaginary parts, with
P=Pp+iPnQ=0Qr+iQn F, = Pry, + P, (338)
Quw=Qro+ Q1. P = Pry + P, (339)

Qw = QR@: + iQIz

P2 = P? + P2 When (z) can be k parameter or time delay
7 etc,. Where for convenience, we have dropped the
arguments (¢w, ), and where

= 2[(ProPr+ ProPr) — (QroQr+ Qr.Qr)] (340)

Fy =2[(Pro PR+ Prz Pr) —
z = 7F1/Fw

We define U and V':

(Qr:Qr+ Q12Q1)) (341)

= (PrPr, — PrPru) — (QrQr. — Q1Qrw)  (342)

= (PrPre — P1Pre) — (QrQr: — QiQre)  (343)
Fw’angszOzeI:s =_F

f( ) — (BRe)\))\ sl Bz =, :Fil‘;: (34)

2.p? Uw, +V
A@) = g qpalalrwst = 5 — @ H) (349)
sign{A~ l(z)} = szgn{( ))\ iw} (346)
sign{A=1(z)}
= sign{F. }sign{r2e 5 Tw+ U‘ |+V} 347

V. CONCLUSION

A gradostat is a piece of laboratory apparatus for
experiments along a nutrient gradient. It is a concentration of
chemostats in which the adjacent vessels are connected in
both directions. Tn that article we investigate the dynamical
of chemostat which has initial quantities of nutrient, phage
and bacteria. A chemostat is a continuous culture device in
which microorganisms grow, and submitted to a flow of
nufrients. There is an interaction between nutrient, phage and
bacteria and it describes by some parameters. Important
parameters are decay rate of phage in the vessel (p), growth
rate of bacteria in the vessel (i), interaction rate between
bacteria and phage in the vessel (), average rumber of free
phage released at lysing in the vessel (3), washout rate (D),
and talent period (7). The control parameter in our system is
the washout rate (dilution rate D) which is dependent on
vessel’s microorganism’s concentration. We define very

important parameters in our system k1,k2, and k3 washout
rate’s balance parameters. The dynamical behaviour of
chemostat system with control tool is inspected deeply and
stability analysis is done.

VI. APPENDIX A
A. Appendix Ay (Lemma 1.1)

Assume that w(7) is a positive and real root of F(w,7) =0
and defined for 7 < I, which is continuous and
differentiable. Assume further that if A = fw;w € R, then
P (tw,7) + Qn(éw,7) # 0,7 € R hold true. Then the
functions S, (r),n € Np, are continuous and differentiable
on I.

B. Appendix Ay (Theorem 1.2)

Assume that w(7) is a positive real root of F(w,7) =0
defined for 7 € 1,1 C R,g, and at some 7* € I,

Sy (7*) = 0. For some n € Ny then a pair of simple
conjugate pure imaginary roots A, (r*) = w(r*) and
A_(m*) = —ww(r*) of D(A,7) = 0 exist at 7 = 7* which
crosses the imaginary axis from left to right if 4(z*) > 0 and
cross the imaginary axis from right to left if §(7*) < 0
where

6(7—*) = Sign{dRe)\b\ Zw(T*)} -

T - (348)
sign{F, (w(r*), 7 )}ﬂgn{ds o ( )\T:T*}
The theorem becomes

Sign{ diier ‘)\ zwi} (349)

= s1gn{iA1/2}51gn{ds (7)\7 s}

C. Appendix Az (Theorem 1.3)

The characteristic equation has a pair of simple and
conjugate pure imaginary roots A = fw(r*),w(r*) real at
e lif S,(r*)=7* — 7. (7*) = 0 for some n € Ny, If
w(T*) = wi(7*), this pair of simple conjugate pure
imaginary roots crosses the imaginary axis from left to right
if d4 (7*) > 0 and crosses the imaginary axis from right to
left if 4, (7*) < O where

5l >fsign{d
—sign{250) [y

If w(r*) = w_(7*), this pair of simple conjugate pure
imaginary roots cross the imaginary axis from left to right if
6_(r*) > 0 and crosses the imaginary axis from right to left
If 6_(v*) < 0 where

o) (350)

a_ (T*) = Zis‘gn{%‘)\:iw,(f‘)}
= —sign{#5D|___.}

Ifw+(7' )7w (r*) = w(r*) then A(7*) =0 and
51gn{ b\ sw(z+ } = 0 and the same is true when

Sh (T*) = 0. The following result can be useful in
identifying values of 7 where stability switches happened.

(351)
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D. Appendix Ay (Theorem 1.4)

Assume that for all 7 € I, w(7) is defined as a solution of
F{w,7) =0then dy (r) = sign{iAl/z(T)}signDi(T).
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