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ABSTRACT

In this paper, based upon Fs-set theory [1], we define a crisp Fs-points set FSP(cA) for given Fs-set A and
establish a pair of relations between collection of all Fs-subsets of a given Fs-set <A and collection of all
crisp subsets of Fs-points set FSP(cA) of the same Fs-set A and prove one of the relations is a meet
complete homomorphism and the other is a join complete homomorphism and search properties of
relations between Fs-complemented sets and complemented constructed crisp sets via these
homomorphisms.
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1 Introduction:

Ever since Zadeh [17] introduced the notion of fuzzy sets in his pioneering work, several mathematicians
studied numerous aspects of fuzzy sets.

Murthy[7] introduced f-sets in order to prove Axiom of choice for fuzzy sets. The following example shows
why the introduction of f-set theory is necessitated. Let A be non-empty and consider a diamond lattice
L = {0, a Il B, 1}. Define two fuzzy sets f and g from A into L such that f(x) = a and g(x) = B. Here both f
and g are nonempty fuzzy sets. The Cartesian product of f and g from A into L is given by (f X g)(x) =
f(x) Ag(x) = a AB = 0.Thatis, f X gis a empty set. Even though both f and g are non-empty fuzzy sets,
their fuzzy Cartesian product is empty showing that the failure of Axiom of choice in L-fuzzy set theory
[10]. The collection of all f-subsets of a given f-set with Murthy’s definition [7] f-complement [10] could
not form a compete Boolean algebra. Vaddiparthi Yogeswara, G.Srinivas and Biswajit Rath introduced the
concept of Fs-set and developed the theory of Fs-sets in order to prove collection of all Fs-subsets of given
Fs-set is a complete Boolean algebra under Fs-unions, Fs-intersections and Fs-complements. The Fs-sets
they introduced contain Boolean valued membership functions .They are successful in their efforts in
proving that result with some conditions. In papers [2] and [3] Vaddiparthi Yogeswara, Biswajit Rath and
S.V.G.Reddy introduced the concept of Fs-Function between two Fs-subsets of given Fs-set and defined
an image of an Fs-subset under a given Fs-function. Also they studied the properties of images under
various kinds of Fs-functions.
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In this paper, we construct a crisp set FSP(A) of all Fs-points of given Fs-set <A such that there is a pair of

relations between collection of all Fs-subsets of A and collection of all crisp sub sets of FSP(cA),such that
one of the relations is a complete meet homomorphism and other is a complete join homomorphism
.Here the operations on collection of Fs-subsets of <A are Fs-union, Fs-intersection and Fs-complement.
The operations on FSP(A) of are usual crisp set union, crisp set intersection and crisp set complement.
The correspondences between them are denoted by the same symbol ' in the later contexts. The
detailed definitions of Fs-point and FSP (cA) for given Fs-set A are discussed before defining those
relations mentioned above. For smooth reading of paper, the theory of Fs-sets and Fs-functions in brief is
dealt with in first two sections. We denote the largest element of a complete Boolean algebra La[1.1] by
M, or 1. We denote Fs-union and crisp set union by same symbol U and similarly Fs-intersection and crisp
set intersection by the same symbol N. For all lattice theoretic properties and Boolean algebraic
properties one can refer Szasz [13], Garret Birkhoff[14],Steven Givant ¢ Paul Halmos[12] and Thomas
Jech[15]

2 Fs-Sets

2.1 Definition
Let U be a universal set, A; € U and let ACU be non-empty. A four tuple A = (Al ,A,Z (u1A1 ,HZA)' LA)

is said be an Fs-set if, and only if

(1) Ac Ay
(2) L, is a complete Boolean Algebra
(3) M1a,:A1 — La, Hoa: A — Ly are functions such that pya, [A = Hop
(4) A:A— L, is defined by
Ax = pip X A\ (uzpx ), foreachx € A

2.2 Definition:

Fs-subset
Let c/l=(A1,A,K (“1A1,“2A) , LA) and B=(B1,B,§ (ulBl’uZB) , LB) be a pair of Fs-sets. B is said to be an
Fs-subset of A, denoted by BEA, if, and only if

(1) By A, ACB
(2) Lgis acomplete subalgebra of Ly, or Lg<Lp
(3) MlBl < M1A1|B1, and MZB|A = IJ-zA

2.3 Proposition:

Let B and A be a pair of Fs-sets such that BS A . Then Bx < Ax is true for each x € A

2.3.1 Remark:
For some Ly, such that Ly < L, a four tuple X = (Xl,X,Y (“1)(1' “zx) , LX) is not an Fs-set if, and only if

(@)X € X, or

(b) W1, X & HaxXx, forsomex € X N X;
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Here onwards, any object of this type is called an Fs-empty set of first kind and we accept that it is an Fs-
subset of B forany B € A.

2.4 Definition:

An Fs-subset y=(Y1, Y, Y (“1Y1' uZY) , LY) of A, is said to be an Fs-empty set of second kind if, and only if

@) 1=Y
(b") Ly <Lja
(c) Y=0

2.41 Remark:
We denote Fs-empty set of first kind or Fs-empty set of second kind by ®_4.
2.5 Definition:
Let B; = (By1, By, B1 (i, 2, ), Le,) and By = (Byz, By, B2(1p,,, 1am, ), L, ) be a pair of Fs-sets.
We say that B;and B, are equal, denoted by B; = B, if, only if
(1) By; = By2, B1 =B,
(2) Lg, = Lg,
(3) (a) (|»11B11 = WiB,, and H2B, = H2B, ) ,or (b) ]_31 = E2
2.5.1 Remark:
We can easily observed that 3(a) and 3(b) not equivalent statements.

2.6 Proposition:

By = (B11,B1, By (s, 18, ), L, ) and B, = (Bi2, By, B2 (s, Hs,), Ls,) are equal if, only if B; S
B, and B, € B,
2.7 Definition of Fs-union for a given pair of Fs-subsets of A:

Let B=(B;, B, B(jsp, M28), Lp) and

C= (Cl, C, C(chl' Hzc): LC), be a pair of Fs-subsets ofA. Then,
the Fs-union of B and C ,denoted by BUC is defined as
BUC=D=(Dy, D, D(pp,, H2p ), Lp),where

(1) D1231UC1,D=BDC
(2) Lp = Lg V L¢ = complete subalgebra generated by Lg U L¢
(3) wip,:D; — Lp is defined by

Hip,X = (WB, V Mic, )X

Wp ¢ D — Lp is defined by

HzpX = UzBX A HpcX

D: D — Lp is defined by
Dx = H1D1X/\(H2DX)C

2.8 Proposition:

‘BUC is an Fs-subset of A.
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2.9 Definition of Fs-intersection for a given pair of Fs-subsets of A:

Let B=(By, B, B(wyp, M28), Lg) and €= (Cy, C, C(pc,, Hac), L) be a pair of Fs-subsets ofA satisfying the
following conditions:

(i) BiNC;,2BUC

(i) mp,XApic,X = (U2 V Hac)X, foreach x € A

Then, the Fs-intersection of B and t, denoted by BNC is defined as

BNC =E=(Ey, E, E(g,, Hox), Lg ) where
(@) E;=B;nC;, E=BUC
(b) Lg =LgALc=LgNLc
(c) Mg,:E; — Lgisdefined by pyg, X = pig, X A pyc, X

Ug : E — Lg is defined by

HzgX = (M2B V Hzc)X
E: E — Lg is defined by

Ex = H1131X/\(H2EX)C .
2.9.1 Remark:
If (i) or (ii) fails we define BNC as BNC=0_4 , which is the Fs-empty set of first kind.
2.10 Proposition:

For any Fs-subsets B, Cand D of A = (A1 ,A,K (“1A1 “zA) , LA), the following associative laws are true:

() Bu(ud)=(BuUuce)ud
(M) Bn(€NnD)=(BnNEC)ND,whenever Fs-intersections exist.

2.11 Arbitrary Fs-unions and arbitrary Fs-intersections:

Given a family (By);e; of Fs-subsets of A=(Ay, A, K(MAI' lza), La), where

B; = (Blir BirEi(lJ-lBlir IJ-ZBi)r LBi),fOF anyi€l
2.12 Definition of Fs-union is as follows

Case (1): For 1=, define Fs-union of (B;)i¢;, denoted by Uje; B; asUje; B = @4, which is the Fs-empty
set

Case (2): Define for I#®, Fs-union of (B;);e; denoted by Ui B; as follow

U B =B = (By,B,B (1,5 t1,5). L),

i€l
where

(a) By = Uier B1i,B = Nier Bi
(b) Lg = VjerLg; = complete subalgebra generated by U L;j(L; = Lg;)
(c) wip,:By — Lpis defined by

MiB, X = (Viel M1Bli)X = Vier, M1B,; X, Where

I, ={i €| x € B;}

Wp: B — Ly is defined by pypx = (/\iel uZBi)x

:/\iEI U'ZBiX
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B:B — Lg is defined by Bx = “131"/\(”23 x)c

2.12.1 Remark

We can easily show that (d) B; 2 B and “1Bl|B = Wyp-

2.13 Definition of Fs-intersection:
Case (1): For I=®, we define Fs-intersection of (B;)i¢;, denoted by Nie; B as Nie Bi =
Case (2): Suppose NierByj 2 Uier Bi and Ajer i ,; | (Uier Bi) = Vier Mz,
Then, we define Fs-intersection of (B;)¢;, denoted by Nje; B; as follows
ﬂBi =Cc= (Cl'C'C (“1c1'“ZC)'LC)
i€l

(@) C1 = NierBii, C = Uier By

(b') Lc = Ajer L;

(c') Mic,: C1 — L is defined by pic,x = (AierHip,; )% = Aver tapy,; X
Mac: C — L is defined by  pycx = (VierMzg, )X = Vier, Hzg;X,
where,l, = {i € I| x € B}

C: C — L is defined by Cx = py¢, xA(pac X)©

Case (3): Nier B1i 2 Uier Bi or Ajer tig,; | (Uier Bi) & Vier izg;

We define
ﬂBi = q)a‘l

2.13.1 Lemma:

For any Fs-subset B=(By, B, B(p,, i2p), Lg) and BES B; = (By;, By, Bi(jp,, Hzp, ), Lp,) for each i €
[.Njer B; exists and B S Nig; B;

2.14 Proposition:
(L(A), N) is A-complete lattics.
2.14.1 Corollary:
For any Fs-subset B ofA, the following results are true

(i) d,UB=38

2.15 Proposition:
(L(A),U) is V-complete lattics.
2.15.1 Corollary:

(L(A), U, N) is a complete lattice withVand A
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2.16 Proposition:

Let B=(By, B, B(kp,, 28),Le), C=(Cy1,C,Cpsc,, ac), Le)and D=(Dy,D,D(Wip,, Hzp), Lp).Then BU
(END)=(BUC)N (BUD)provided C N D exists.

2.17 Proposition:

Let B=(By, B, B(kp,, M28),Le), €=(Cy1,C,Cpsc,, ac), Le)and D=(Dy,D,D(Wsp,, Hzp),Lp).Then BN
(CuD)=(BNC) U (BnND)providedin R.H.S

(B N ¢)and (B N D) exists.

2.18 Definition of Fs-complement of an Fs-subset:
Consider a particular Fs-set A = (A; A, A (i1a, Mza),La), A # ®,where

(D) Ac A
(i) Lp =[0,Ma],Mp =VAA =V_,pAa
(iii) Hia, = Ma, Hza =0,
Ax = pya, X A(uzax )¢ = M, ,foreachx € A
Given B=(B1, B,E(MBLHZB)' LB). We define Fs-complement of B, denoted by B¢ for B=A and Lg = L,
as follows:
BCﬂ = D=(D11 Dr ﬁ(ulDlr IJ-ZD)I LD)I Where
(@) D; =CpB; =BfUAD=B=A
(b') Lp = La
(c') pip,: D1 — Ly, is defined by pyp, x = My
zp:A — Ly, is defined by popx = Bx = pyp, XA(H2pX)¢
D: A — Ly is defined byDx = pyp, xA(i2px)¢ = M A (Bx)¢ = (Bx)®.
2.19 Proposition:
Al =Dy
2.20 Definition:
Define (& 4)% = A
2.21 Proposition:
For B=(By, B, B(k1p, M28), L), €= (C1,C, C(sc,, Mac), Lc), which are non Fs-empty sets and B = C =
A, LB = LC = LA

(1) Bn BC4=d 4

(2) BU BC4=A

(3) (BC)4 =B

(4) BCC if and only if C¢4 € BCa
2.22 Proposition:

Fs-De-Morgan’s laws for a given pair of Fs-subsets:
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For any pair of Fs-sets B=(B, B,E(uleuZB), Lg) and %= (Cy, C, C(H1c1: lac), L), with B = C = A and
LB = LC = LA, we will have

(i) (BU )4 = B4 nclif (Bx)C A (Cx)° < [(ulle)c % Hch] A [(ulclx)c % uZBx] , foreachx € A
(ii)(B n €)% = B¢ U €4, whenever B N C exists.
2.23 Fs-De Morgan laws for any given arbitrary family of Fs-sets:

Proposition: Given a family of Fs-subsets (B;);e; of A = (A1 AA (H1A1 _uZA), LA),where
La=[0,Ma].tiia, = Ma, iz = 0,Ax = My

() (Uier B = Nig Bic‘ﬂ, for 1#®, whereB; = (By;, B;, Bi (45, M2, ), L, ) and

(1) Bi = A, Lp, = Ly provided Niet(Bix)¢ < Aijer [(Hmlix)c Y uZBjX]
i#j
(1) (Nig B4 = UiE[BiC‘”,whenever N;e B; exist
3 Fs-point

3.1 Definition

We define an object, for b € A, B € L, such that B < Ab - denoted by (b, B) as follows

(b,B) = (B1,B:§(H1Blr uZB),LB) , Wwhere ASBCE B; €Ay, Lg <Ly, such that pyp X, HpX € Lp,
o< pa, X, VXE A, B EL,

H2aX, X+ Db,XxEA
Wp,X ={BVHab, x=b  Andpx= {
o, XEAXEA

H2aX, XEA
o, xZAXEB

3.2 Lemma:

(a) B < mia,band B < (pab)°
(b) wip,b = b

(c) Mip,b < pya,b

(d) EZBb = pzab

(e) Bb=p

(f) (b,B) is Fs-subset of A

Proof : (a): Given B < Ab = pya, b A (jzab )°

= B < pya,band B < (pzab)°

(b): 1g,b A pagb = (B V pzab) Apzab = pzpb = pppb
= Wi, b = Hapb

(c): i, b A pga, b= (BV uzab) Apya,b = (BA HlAlb) v (H1A1b Apzab) = BV ipab = Wig, b
=W, b < pya,b

(d): pzgb = pab (v HapX = HpaX, VX € A)
(e): Bb = Hig,b A (uzgb )°
= (BV pz2ab) A (2ab )€
= (B A (uzab )9V (uzab A (p2ab)€)
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= (BA (uab)9) VO
=BA (uab)¢ =8
(f): Given (b, B) = (B, B, B(i15,, Hz8), L)
()B; €A, ASB
(i) Lg < La

H2aX, X#Db,XxEA
(ii)) g, x = 1BV H2ab, x=Db  Andpypx= {
Q, XEAXEA

H2aX, XEA
o x&AXERB
H1B,X = U2aX = HppX < M1z, X, X # b, X €A
Hig,b = BV pzab = pypb = papb, pyp, b < pyp b
“MyB, X = U2BX, VX € B, 1p, X < Hya X, VX € Biand pypX = HppaX, VX € A
Hence (b, B) = (By, B, B(l4p,, M2 ), L) is Fs-subset of A.
Here onward (b, B) —which is an Fs-subset of <A, we call a (b, B) objects of A.

3.3 Definition of arelation between objects:

For any (b, B) objects B; = (Blerlrﬁl(U1BnrUZBl):LBl) and B, = (B12:Bz;§2(H1B12; HZBZ)'LBZ) of
A, we say that B;R(b, B)B; if, and only if yyp, X = Hp,X,X # bandVx € B; and pyp X = lipp, X, X #
b andVvx € B, and pyp,,b = pyp,,b = BV puyab and pyp b = pyp,b = pyab.

3.4 Theorem:
R(b, B) is an equivalence relation.

Proof: The proof follows clearly from definition.

3.5 Definition of Fs-point:

The equivalence class corresponding to R(b, B) is denoted by xE or (b, B).We define this XE is an Fs point
of A.

Set of all Fs-point of A is denoted by FSP(A).
3.6 Definition:
Let G € FSP(A).

(a) Gis said to be closed under stalks if, and only if XE EGa<B=2x; €G
(b) Gis said to be closed under supremums if and only if M © LA,XE EGVBEM= XgM € G,

VM = VBEMB
(c) Gissaid to be S-closed if, and only if G is closed under both stalks and supremums.
3.7 Theorem:
Arbitrary intersection of S-closed subset is S-closed
3.8 Definition:
Let G € FSP(A).
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Define G~ = @4 if G = ®.Otherwise G~ = nge(;x{f
Define B = (By, B, B(jp,, Hz8), L), where
Bi 2B ={blx) € G, Lp = Vg ;Lp hig,b = V,s BV haab)  Hagb = pzab

Bb = M1Blb A (uzgb )€
= VXEEG(B V pzab) A (ppab )€

B [(VXEEG B) v UZAb] A (popb )©

- ((VXEEG B) A Gzab )c) V (zab A (124D )°)
= VXEEG(B A (p2ab)) VO
= VXEEG(B A (p2ab)) = ngeGB
3.9 Theorem:
G~ =B
Proof: Let xE = (By, B, X(p1x,, H2x ), Lx), where B < Ab

X, ,X EA
Uza X # b, x UoaX, X EA

Mix, X ={BVi2ab, x=Db  Andp,xx =
' Qa, X & A X €EB; {O" X¢AXEB

Letngerg =€ = (C1,C,Cmc,, Hac) L) , where
()C; =By, C=B={blxf€G},c,2¢C
(Lc = Lx = Vg s Ly

() Forb € A, pyc,b = ngec

(BV pzab) = g, b, uacb = ppab = ppgb
Hence G~ =B
3.10 Definition:
Forany B € A
Define B =®ifB =4
Let B = (By, B, B(p,, H2p), Lg) and B # ® 4
Define B~ = {xE|b €B,BELgB=< Eb}
3.11 Theorem:

_ B
A= UxEEFSP(Jl) Xb

Proof: The proof follows similar lines of the proof of 4.9
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3.12 Lemma:
A~ = FSP(A)
Clearly A~ S FSP(A)
Let XE =B= (B1,B,§(M1Bly MZB).LB) € FSP(A)

XE isa (b, B) object
l.e. b€ A,B € LA,A cCBCc B1 - Al,SUCh that ulle, HoBX € LB, LB < LA,(X < |J.1A1X,VX € Al,B € LA

H2aX, X#Db,xEA
HiB,X = BV uab, x=Db And pypx ={
a, XEAXEA;

Clearlybe ACS B, € Lgand Lg < Lx
Hence FSP(A) € A~
Hence A~ = FSP(A)

3.13 Theorem:

B~ is S-closed.

UapaX, XEA
o xZAXEB

Proof: Let xE € B~,thenb €B,B € Lg,B < Bb
let§ <B,8 €Ly, 8§ <Bb
~xeB
Hence B~ is closed under stalks.
Let x,' € B~ fori € Ithenb € B, B; € Lg,B; < Bb
=b € B, Vici Bi € Lp, Vier Bi < Bb
= xﬁﬁi € B~
Hence B~ is closed under supremum.
~ B~ is S-closed.
3.14 Theorem:
Forany G € FSP(A),G S G™~
Proof: Case (1):G = ® =Clear
Case (I1): G # ®,we have G™~ = B~ = {Xg|b € B,BELgP < Eb}
Where B = (By, B, By, H2p), L), where
Bi 2B = {bli) €GJ,Ls = Vg i Lp,bin,b =V, BV H2ab), hzgh = paab,Bb = Vg . B

LethEG:bEB,BELB,§b=VX36GB,BS§b=>XE EB =G"=>GCS G~
b
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3.15 Theorem:

Let A be an Fs-set. Then the following are equivalent for any G € FSP(A)

(@) GT" =G
(b) GisS-closed
(c) ()beB=>xPea
(i)b € B,B < Bb = X’ € Gwhere B = G

Proof: We have G~ = UXEEGxg and from4.9,G™ =B = (Bl, B, §(u131, uZB), LB), where

B, 2B = {b|xﬁ € G},LB = VygeoLp ban,b = Vg

beG(B V tzab), b = pab, Bb = ngecﬁ

Alsowe have G™~ = B~ = {xElb €EBBELgB §b}

G = G~~ = B~ which is S-closed from 4.13 gives (a) = (b)
(i) Here G~ = B = (By, B:E(MBl: W), Lg), where

B, 2B = {b|xE € G},LB = VyseoLp ban,b = Vg

XbEG(B V pzab) , topb = pppb, Bb = ngeGB

Forany b € B, be € G follows from G is closed under supremumes.
(i) Forany b € B, § < Bb, we have xE € G, because xgb € Gand G is S-closed which gives (b) = (c).
(c) = (a) is clear.

3.16 Theorem:

For any B; and B, such that B S B, S A, B, € B, provided B, =B, where B; =
(311: Berl(lJ-lBllr IJ-ZBl)rLBl) and B; = (B12:BZ;BZ(H1B12» HZBZ)'LBZ)

Proof: From hypotheses, we have

(1) B1; €B42,B; 2B,
(2) L, < Lg,

(3) W, < H1312|311: H2131|Bz = 2B,

XE € B~

Impliesb € By, B € Lg,, B < B;b which implies

b €B,,B € Lg,, B <B;b <B,b(~B; S By,)

so that xE € B,”
3.16.1 Corollary:

B < A = FSP(B) < FSP(A)
3.17 Result:

B; € B, implies B; € B, U B; for any Fs-subset Bs
3.18 Result:

XE C G~ for any XE € G such that G € FSP(A).
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Proof: xg € Gis an Fs-pointof A and G~ = ngecxﬁ gives XE c G~

3.19 Recall 1.16 for any Family (G;)ie; of Fs-subsets of A such that G; € G, Uie1 Gi € G.

3.20 Proposition:
G,~ € G, for any two subsets G;and G, of FSP(cA), such that G; € G,.
Proof: The proof follows clearly if G; = @ because G;~ = ® 4which is an Fs-empty subset of A
For G, + @,
take Xﬁ € G; € G, implying xﬁ C G, from4.18 again implying

U xE € G,” from4.19sothatG;” €G,~

Xp €G1
3.21 Theorem:

For any Fs-subset B of an Fs-set A, B~ = B.

Proof: For B = ®_;-Fs-empty subset of A, B~ = & the crisp empty subset, B~ =d 4, =B

ForB # ®,, B~ = {xj[b€B,B €Ly, p<Bb .

Since each xE in B~ is an Fs-subset of B it follows UXIEEF xE c B.

. B. . e B
ButG™ = UXEEbelmplles (B) = Uxﬁemxb

Where B~ = {xEle c B}

~ U xXxeB=Us ¥=uU X =(B)"
xEEB~ b = xEEG b xgeB~ b

So that B™~ = B.

3.22 Theorem:

(BN €)™ =B~ nC~for any Fs-subsets B = (By, B, B(kyp,, M28),Lp) and € = (Cy, C, Cpac,, ac), L)
of A such that B = C.

Proof: For BNC = ® 4, (BNC)~ = (P 4)~ = @ which is the crisp empty set

For xE EB NC™, xE C B and XE C C which imply XE C BN C again implying XE EMBNC) -a
contradiction

ForBNC # &4

SayBNC =D = (Dy,D,D(yp,, H2p),Lp), whereD =B = C

Then (BNEC)" €SB~ and (BNEC)~ € €~ from 4.16

Implying(BNC)~ €SB~ NC~

For XE EB"NC~

b€B,BELgB<Bbandb€eCBEL,B=<Cb

Implyingb € BN C,B € Lg N L¢, B < Bb ACb = (B A C)b again implying XE €E(BNEC)”
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Sothat(BNC)" 2B~ NnC~
Hence (BNC)” =B~ NnC~

3.23 Proposition:
For any family of Fs-subset (B;);e1 of A, (Nie1Bi)™ = Nije1B;~ provided all B;’s are equal for each i €
3.24 Theorem:
(G{ UG,)~ = G;” UG,~ for any subsets Gyand G, of FSP(A),
Proof: For G; = ®,we have G;~ = &4 and (G; UG,)” =G,  and G;" UG,” =G,~
Sothat (G UG,)” =G,"UG,".
Suppose G;yand G, be non-empty
Since G1,G, € G; UGy, G;7,G,~ € (GyUG,) " sothat G," UG,™ € (Gy UGy)~
For Xﬁ c (G UGy, xE € G; U G, so that XE € G, or XE € G,implying xE C Gy or XE C G5 so that
Xk € Gy UG5 finally (G, U G,)™ € G UG}
Hence (G; UG,)” =G,  UG,~
3.25 Theorem:
(Uie1 G))™ = Uier G~ for any family (G;);ejof subsets of FSP(A).
3.25.1 Remark:
Observe that X2 is always an Fs-subset of Bi.e. x2 € B~ i.e. x2 & (B™)°©
3.26 Theorem:
For B = (By,B,B(pp,, t28),Lg) € A, B = AandL, = Lg,
(B¢4)™ c (B~)¢
Proof: Suppose B¢ = D=(D1, D,ﬁ(uml, uZD),LD). From 1.18
(1) D, =CaB, =BSUAD=B=A
(2) Lp =La
(3) Mip,: D1 — Ly, is defined by pyp, x = My
Wzp:A — Ly, is defined by pypx = Bx = pyp, XA(Hpx)¢
D: A — Ly ,is defined by Dx = pip, xA(izpx)€ = Ma A (Bx)€ = (Bx)©.
Then from 4.10 (B4) =D~ = {}5|d € A,8 € Ly = Lp,8 < Dd = (Bd)®i.e.5 A Bd = 0}
And B~ = {xE| beEB=ABELg=LsB<Bb } implying (B™)¢ = {}!Ix} ¢ B~}
X! € (B%4) implying y A Bc = 0 which impliesy % Bcas x! € B~ =y £ Bc sothatx! € (B™)®
Hence (B%4) < (B™)°
3.26.1 Example:
Let A = (Al,A,K(ulAl,uzA),LA), where A; = {a,b},A ={a}, s, = 1,ua = 0and Ly = {0,a Il B, 1}

Suppose B= (Blt B: E(HlBl, MZB)' LB) c CAI where Bl =B=A= {a}' IJ'lBl = Q, Uz = 0and LB =
LyBa=a

Copyright © Society for Science and Education United Kingdom m



Vaddiparthi Yogeswara, Biswajit Rath, Ch.Ramasanyasi Rao, and D. Raghu Ram; Some Properties of Associates of
Subsets of FSP-Points Set, Transactions on Machine Learning and Artificial Intelligence, Volume 4 No 6 December,
(2016); pp: 13-28

B€4 = D=(D,, D, D(1p,, Mop), Lp)where D; = A;,D = A, yp a=1,ppa=0a,D =B,Lp =L,

(B%4) =D~ = {}5|d € A,6 € Ly = L, 5 < Dd = (Bd)i.e 6 A Bd = 0}
BN={X§|bEB=A,BELB =LA,BsEb}
=B~ = {x3, x4 }
=>xi€(B)(+1£Ba=0)
But x4 ¢ (B%4)~
lLe. (B™) & (BC4)
3.27 Theorem:

(G7)%4 € (G9)~ for any G S FSP(A), where A= (A AA (U1A1_UZA)vLA)vU1A1 = Mp,pa =0
and LA = [0, MA]

, - _ B
Proof: Forany G € FSP(A), G~ = ngec Xb

let G~ =B =(By,B B(ip, M28),Lg) , where B;2B=A= {bIXE €G }»LB = La Wi, b =
VxEGG(B V pzpb) = ngeG B,uzb = Huzab =0, Bb = ngeG B.
Let (B)C‘H =D=D-= (Dlr D,ﬁ(I»J—lDl, UZD), LD) then

(1) D,=AD=B=A
(2) Lp = La
(3) Mip,: D1 — Ly, is defined by pyp, x = My
Hop: A — Ly, is defined by p,pb = Bb = VXBEGB
b

C
D: A — Ly ,is defined by Db = p;p, bA(1zpb)¢ = My A (Bb)C = (VXBeG B)
b

Also (G™)% = (B)¢4 =D
Now, G¢ = FSP(A) — G
Let (G9)™ = & = (Ey, E, E(yg,, M2r ), Lg) , where

E, =E=A={c[x} €G°},Lg =La, My, C = szegc(Y V HzaC) = VXZE(;CY' M2EC = HaaC =0, Ec
szeGC Y-

We prove (G™)¢4 < (G°)~ ifxg[A € Gor Xg[A G

If Xp € G, then G~ = Uyt Xt =B = (B;,B,B(M,,0), Ly), B = M, implying
(G™)% =D = (Dy,D,D(My, Mp),Ls), D=0

Thatis, (G™)¢4 = @, < (GS)~

Ifxf;[A & G then XI:A € GCimplying (G¢)~ = £ = (E{,E,E(M4,0),L,)

Thatis, (GX)~ = A 2 (G™)C«

Hence, whether Xf,AA € Gor x{\;[A ¢ G,we have
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