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ABSTRACT 

A coordinate transformation method of square projection circular with random various has been 

proposed for the optical properties of the cloaking material. The square produced randomly is projected 

to the circle and all the points in the perfectly matched layer are transformed. The perfectly matched layer 

is between the produced square and the border of the square. The first kind transformation has three 

steps. The first step is that the square grids are produced. The second step is the lattice grids are 

transformed. The third step is that the lattice grids and those transformed lattice grids are shown. The 

second kind transformation has four steps. The first step is that the ray came through the center point is 

assumed. The second step is that the 10 points each ray in the perfectly matched layer are produced 

randomly. The third step is the 10 points each ray are transformed. The fourth step is that the 10 points 

each ray and those transformed points are shown. The results show that the transformed results are 

nothing to do with the position of the randomly produced square. The transformation method is suit for 

the research of the optical properties in cloaking material. 
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1 Introduction 

In the past few decades, the metal sandwich were designed with nano-scale to change the distribution of 

the conductivity and the magnetic permeability. These efforts promote the development of the 

transformation optics. In particular, Pendry et al[1] and Leonhardt[2] put forward the cloaking material 

independently since 2006 in Science. The research of the cloaking material has become the hot topic[3-5].  

The electromagnetic metamaterial [4] which has cloaking region with micron scale and a high degree of 

symmetry, such as spherical symmetry, cylindrical symmetry or cubic symmetry. The coordinate 

transformation [6-7] is important for searching the cloaking regions of the electromagnetic metamaterial. 

Based on the coordinate transformation invariance for Maxwell's equations the perfectly matched layer 
[8-9] could be transformed.  

2 Coordinate transformation 

The model of the researched problem is shown in figure 1[10]. The centers of the square which the side 

length is 2 times of a and of the circle whose radius is b are superposition. 
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The square which the side length is 2 times of c is selected randomly and the number of c is between b 

and a. The center point O of the square which the side length is 2 times of c is superposition with the 

centers of the square which the side length is 2 times of a and of the circle which the radius is b.  The 

shadow region in figure 1 is between the squares of the side length is 2 times of c and of the side length 

is 2 times of a.  

In figure 1 the ray is through the center point O. On the ray the point A is in the square which side length 

is 2 times of a, the point C is in the square which side length is 2 times of c, the point B is in the circle 

which radium is b, and the point P is randomly in the shadow region. The coordinates of A, B, C, P are as 

A(a, ay), B(b, by), C(c, cy), and P(x,y). The transformation is that the point C(c, cy) is transformed to point 

B(b, by) and the point P(x,y) is transformed to 𝑃′(𝑥′, 𝑦′).      

The transformation matrix is as equation (1). 
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Figure 1 The model of the coordinate 
transformation 

Figure 2  The square grid points 

2.1 The transform of the square grid points 

In figure 1 the position of the square whose side length is 2 times of c is random and the shadow region 

is random too. In figure 2 the length of the grid is (a-c)/6. The larger of the c is, the more the square grid 

points are. In the shadow region with 45 degrees circular angle the number of the grid point is n1, n2, n3, 

n4, n5 from left to right. The values of n1, n2, n3, n4, n5 are round [6 ∗
a

a−c
] − 5, round [6 ∗

a

a−c
] − 4, 

round [6 ∗
a

a−c
] − 3 , round [6 ∗

a

a−c
] − 2 , round [6 ∗

a

a−c
] − 1 respectively. The flow diagram of the 

coordinate transformation is shown in figure 3. The coordinate transformation whose circular angle cover 

0 to 360 degrees is by the rotation and the inversion based on the transformation results which is cover 0 

to 45 degrees of the circular angle . 
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Set the radius of b and the

side length of 2a
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In the shaded region which central angle between

0~45 degree many small squre grids are established

with the side length as the length of (a-c)/6

Coordinate transformation








































































cyay

byay
cyby

ca

bxa
cbx

y

x

cyay

byay
ca

bxa

y

x

0

0

'

'

Rotation inversion to 360 degrees the

reproduction of the small square grids

and its transformed grid ponts

 

Figure 3 The flow diagram of the coordinate transformation of the square grid points 

The programming is assumed a=2, b=1, and c is between 1 and 2. The figures of the square grid points and 

its transformed points are shown in figure 4. The figure 4(a) is the square grid points in 45 degrees for 

c=1.25. The figure 4(b) is the transformed square grid points in 45 degrees for c=1.25. The figure 4(c) is 

the square grid points in 360 degrees for c=1.25. The figure 4(d) is the transformed square grid points in 

360 degrees for c=1.25. The figure 4(e) is the square grid points in 360 degrees for c=1.7. The figure 4(f) is 

the transformed square grid points in 360 degrees for c=1.7.  

  
(a) The square grid points in 45 degrees 

for c=1.25   
(b) The transformed square grid points 

in 45 degrees for c=1.25 

 

 
(c) The square grid points in 360 degrees 

for c=1.25   
(d) The transformed square grid points 

in 360 degrees for c=1.25 
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(e) The square grid points in 360 degrees 
for c=1.7   

(f) The transformed square grid points in 
360 degrees for c=1.7 

Figure 4  The transform of the square grid points 
 

The transformed results shown that the shape made of the transformed points is the same. The difference 

between the figure 4(d) and the figure 4(f) is the points are different on same shape curve. The number 

of the points in figure 4(f) is more than that of the points in figure 4(d) because the side length of the grid 

is small in figure 4(f). 

2.2 The transformation of the random points on the ray 

In figure 1 the ray is through the center point O. The 10 points are chosen randomly on the ray in the 

shadow region. The transformation is that the point C is transformed to point B. The point C is in the 

border of the produced square whose side length is 2 times of c. The point B is on the circle whose radium 

is b. The points C and B are on the ray. The point P has 10 positions corresponding to 10 random points is 

transformed to point P’. The transform is according to the equation (1) and it can be expressed as the 

equation (2) too.   

  𝑂𝑃′̅̅ ̅̅ ̅ =
𝑂𝐴̅̅ ̅̅

𝑂𝐵̅̅ ̅̅
𝐶𝑃̅̅̅̅                                                                                  (2) 

The programming is assumed a=2, b=1, and c is between 1 and 2. The flow diagram is shown in figure 5. 
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Figure 5 The flow diagram of the coordinate transformation of the random points on a ray 
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After the square which side length is 2 times of c is produced randomly there are four steps in the 

transform of the random points on a ray. The value of c is between a and b. The first step is to produce 

the ray which is through the center point O. The second step is that the 10 points each ray in the perfectly 

matched layer are produced randomly. Here the perfectly matched layer is the region between the 

squares of the side length is 2 times of c and of the side length is 2 times of a. The third step is the 10 

points each ray are transformed according to the equation (1). The fourth step is that the 10 points each 

ray and those transformed points are shown as figure 6.  

 
 

(a) 10 random points each ray in shadow region in 
45 degree for c=1.5 

(b) 10 transformed points each ray in shadow 
region in 45 degree for c=1.5  

 
 

(c) 10 random points each ray in shadow region in 
360 degree for c=1.78          

(d) 10 transformed points each ray in shadow 
region in 360 degree for c=1.78 

Figure 6  The transform of the random points on the ray 

3 Conclusion 

The perfectly matched layer is produced after the square whose side length is 2 times of randomly 

produced c. The value of c is between a and b. The outer square which side length is 2 times of a and the 

inner circle whose radium is b. The transform is that all the points in the square which side length is 2 

times of c are transformed to the corresponding points in circle which radium is b and the points in the 

perfectly matched layer are transformed to corresponding points. The results are shown that the 

transformed square grid points are on the curves of the determined shape and the curves have nothing 

to do with the position of the square which side length is 2 times of c for the square grid points in perfectly 

matched layer. The random points those in the perfectly matched layer and on the ray which is through 

the center point O are transformed with simple programming. The coordinate transformation method is 

advantageous to the research of the optical properties in cloaking effect of electromagnetic metamaterial. 
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