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ABSTRACT   
Aggregation of red blood cells and specifically linear rouleau formation of human 
erythrocytes affects the rheology of blood microcirculation and is widely under 
study to quantify flow abnormality in pathological conditions. Dielectric properties 
of cell suspensions or of undiluted whole blood are strongly related to the 
geometrical structure of particles. Electrophoretic measurements of rouleaux, 
formed through side-by-side adhesion of a small or even considerable number of 
erythrocytes, in suspending media of different electrical conductivity have the 
potential of size characterization and spatial separation of cell subpopulations due 
to their different polarizabilities. In the present paper we show that the 
electrophoretic force on red blood cell aggregations of different sizes, exposed to an 
electric field of variable frequency, and given correct medium permittivity and 
conductivity, provides a means for spatial separation and sorting of rouleaux with 
different ‘stack number’ of aggregated erythrocytes. In dependence on this number, 
i.e. on different but discrete measures of rouleau lengths, the dielectrophoretic 
force is calculated and represented against the frequency of the applied a.c. field. 
Predictions of frequency regions in the range of 10 to 100 MHz are made, where the 
amount and the direction of dielectrophoresis forces is different for different 
rouleau sizes. The field-flow-fractionation technique is a suitable tool, where the 
differential positioning of particles of definite size within a suspension flow velocity 
profile is established by the action of matching dielectrophoretic forces. Increased 
aggregation of red blood cells is considered an important factor in the development 
of vascular diseases and microcirculation impairment. The progressing diversity 
and size of rouleaux characterized by their 'stack number' might be a possible 
diagnose tool in the assessment of abnormal rheological properties. 
 
Keywords: Erythrocytes, Rouleaux, Dielectrophoresis, Force effects, Sorting and 
separation. 
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INTRODUCTION 
Dielectrophoresis (DEI)) is defined as the force acting on biological cells and colloidal particles 
in an inhomogeneous electric field. Specific physical and electrical properties of the particles 
and the suspended medium allow for their manipulation. By measuring the spectral impedance 
of individual cells as well as discriminating between cell types according to their dielectric 
properties, the technique is aimed at diagnostic applications for cell counting and separation in 
hematology, oncology or toxicology [1, 2, 3]. Recent activity reports include the sorting of 
biological samples such as bacteria [4], red blood cells [5, 6, 7] and DNA [8, 9]. Although DEP is 
effective for cell isolation, it is often coupled with other techniques, as e.g. Raman spectroscopy, 
to provide quantitative and qualitative information [10]. A review of the mathematical 
treatment of DEP is beyond the scope of this paper. However, several reviews have been 
published previously [10, 1 1, 12, 13]. 
 
The direction of movement of particles and the acting absolute force on them is bound to the 
knowledge of the internal electric field strength as a basic aspect of the study of many biological 
effects. The contour of the sample has a strong impact on it. Spherical and ellipsoidal cell models 
are frequently used due to the fact that linearly polarized electric plane waves generate a 
uniform local field distribution accessible by closed analytical solutions of the Laplace equation. 
However some biological cells, including erythrocyte rouleaux, deviate form the ellipsoidal 
form, and in order to account for these special shaped cells, more satisfactory cell models with 
shapes close to disks or cylinders [14] have been considered. Numerical methods commonly 
used for field characterization within a biological structure are based on Mie theory or the finite 
element (FE) and the finite difference time domain (FTD) techniques [15, 16]. Extensive 
computer calculations are required, though [17], and a simpler approach is desirable and often 
sufficient. The rouleau formation of erythrocytes, also quoted by its similarity as linear 'coin 
stacks' of several individual cells, translates into a cylindrical cell model. Characterized by an 
integer number of single cell heights, the aggregation of three or more cells would change the 
cell geometry in an ellipsoidal model from oblate to prolate. The local field and the induced 
dipole moment is thus affected considerably. 
 
In this paper we show, that the multiplicity of erythrocyte cell aggregations can be followed up 
by dielectrophoresis, and a size-selective separation can be achieved, given suitable medium 
permittivity and conductivity, as well as frequency of the applied electric field. While the 
approximation of larger erythrocyte columns as general spherical ellipsoids is sufficient, an 
approximation procedure for dielectric bodies of short cylindrical shape is described and 
applied on stacks of erythrocytes with variable height-to-radius relation. 
 

Dielectric Force 
Dielectrophoretic forces are caused by the interaction of non-uniform electric fields with 
dielectric objects, which are suspended and free to move in a conductive medium. In 
inhomogeneous A.C. fields, the time averaged force < F > which is acting on a homogeneous 
dielectric particle, can be expressed by 
 

  
1

Re *
2

F m E = 
     (1) 
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where m is the induced dipole moment,  *E is the gradient of the complex conjugate of the 
external field, and Re denotes the real part of the scalar product. The induced dipole moment 

m  is proportional to the particle volume V, the acting external electric field 
0

j tE E e =   of 

circular frequency  , and the permittivity 0 m   of the medium surrounding the dielectric 

object. 
 
The time-averaged force acting on a homogeneous ellipsoidal particle is given by 
 

 
2

0 Re ( )DEP m rmsF V K w E  =       (2) 

 

𝐾(𝑤)𝑥 =
𝜀𝑝
∗−𝜀𝑚

∗

𝜀𝑚
∗ +(𝜀𝑝

∗−𝜀𝑚
∗ )⋅𝑛𝑥

      (3) 

 

with the component in x-direction of the Clausius-Mossotti factor. 
*

P  is the complex 

permittivity of the particle, and xn
 is the Lorentz depolarization factor in x-direction parallel to 

the external field. The Clausius-Mossotti factor is a measure of the effective polarizability of the 
particle, and depends for nx strongly on the geometrical shape of the ellipsoidal object. With c 
the permittivity and c; the electrical conductivity of a dielectric medium, the complex 

permittivity is defined as 
( )*

0/    = −
being j the imaginary unit 

( )
1/2

1−
. Consequently, the 

Clausius-Mossotti factor depends on the frequency of the applied field, besides the dielectric 
properties of particle and medium. When only frequency dependencies are the objective of the 

study, it is sufficient to consider 
( )K 

 as the only frequency dependent part of the induced 
dipole moment. Variations of this factor give rise to the dielectrophoretic force described in (2), 
which is unique to a special particle type. This concerns not only intrinsic dielectric properties, 
but also the geometrical shape via the depolarization factors and the size via the volume 
contained in the induced dipole moment. These latter aspects will play a particular role in the 
present paper. 
 

Shape and size variation of the particles affect
( )K 

 and V , which leads to readily achievable 
dielectrophoretic separation protocols. The design and geometry of the microelectrodes used 
to generate and control the non-uniform electric field is also an important factor to be 

considered. The force DEPF 
 is toward the high electric field, and the particles collect at the 

electrode edges, if 
( ) Re 0K  

, on the contrary the force is in direction of the decreasing 

field, if 
( ) Re K 

 is negative. From expression (3) follow two special cases of practical 

importance: at the one hand sphere-shaped particles with 
1/ 3x y zn n n= = =

,yielding 
 

* *
23 *

0 * *
2 Re

2

p m

DEP sphere m

p m

F r E
 

  
 

 − 
  =  

+      (4) 
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and at the other hand long cylinder-shaped particles with 
( )0, 0.5x y zn n n= = =

 
 

     

* *2
2*

0 * *
Re

3 2

p m

DEP needle m

p m

r
F E

 
 

 

 − 
  =  

+      (5) 
  
where r is the radius of the cylinder and C its length. It is clear, that the applicability of 
expressions (4, 5) has to be verified with respect to the particle shape in any practical approach. 
 

ERYTHROCYTE ROULEAUX DEFINED BY SHORT CYLINDERS 
The calculation of force effects on biological cells starts commonly with a solution of the Laplace 
equation under quite restrictive conditions. In order to arrive at closed expressions, an 
ellipsoidal cell model with a confocal shell is commonly assumed, as only such geometry 
exhibits a constant local field. Normal human erythrocytes are nonnucleated biconcave disk-
shaped cells of about 7.5 him in diameter with edges that are thicker than the center part. 
Indeed, they resemble an oblate ellipsoid only in a crude approach. The determination of the 
induced dipole moment for such a structure in field direction will be possible only to a certain 
approximation, e.g., of a very short circular cylinder (flat disk) of radius   and half length   with. 
Erythrocyte aggregation and the formation of linear rouleaux has been widely investigated and 
its importance in the rheology of blood circulation is well established [18, 19]. The size of such 
'coin stacks' is of clinical relevance, stimulating interest for their analysis and manipulation. 
 
The aggregation of disk-shaped objects to columns has a clear effect on the local field and the 
induced dipole moment. While the depolarization factor in direction of the rouleaux (cylinder) 
axis parallel to the external electric field takes a value close to 0 for   leading to the expression 
(5), for a disk, this value is closer to 1. In linearly polarized A.C. fields, particles are oriented 
along their axis of highest polarization. A long cylinder will line up with its symmetry axis along 
the field, while a circular disk lines up along its radius. The orientation of a cube-like object 
(cylinder with) results in uncertainty. 
 
It is important to remember, that the side-by-side aggregation of individual erythrocytes 
generates columns of length   with   the thickness of a single cell   and a stack number. While 
single or double erythrocytes orient themselves with the radius as mayor axis along the 
external field, aggregations of more than three erythrocytes results in cylinder-shaped 
structures with. Depending on the number s, the axis ratio, the depolarization factor and the 
induced dipole moment change correspondingly, and so does the dielectrophoretic force acting 
on any of the rouleaux. 
 
For the sake of simplicity, only electric effects are considered here, although hydrodynamic 
friction or motions induced by temperature fields are not without importance, particularly at 
elevated medium conductivities. 
 

INDUCED POLARIZATION IN A CYLINDER-SHAPED DIELECTRIC BODY 
In the Laplace model, a homogeneous ellipsoid possesses a constant local field. Integration over 
this field leads to the induced polarization and thus to expressions related to force actions on 
the special object. Already in such important cases as for a cube or a short cylinder is it difficult 
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to calculate the depolarization factors without accepting an ellipsoid as substituting shape of 
the object. But even then is the best shape of it to be used, and the next approximation step not 
a straightforward choice. 
 
This chapter deals with an approximation procedure for the calculation of the internal local 

field ( )iE r  in a material body of general shape and a dielectric constant *

p , which is brought 

into a given field ( )0E r  , acting inside a suspending medium of dielectric permittivity *

m . 

 
The problem can be formulated as follows: The local field (P) causes a polarization 

* *

0 ( )p m iP E  = − . On an surface element F  of the dielectric body, this polarization generates 

a polarization charge 
polq F P F =  =  , which by virtue of the Coulomb law, together with 

the unperturbed field ( )0E r  produces the local field such that 

P 

                          
12

1 0 1 2 23

0 12

( ) ( ) ( ) .
4

i

r
E r E r P r F

r
 = − 
      (6) 

 

The integration is carried out over the surface of the dielectric body; F  points outward, and 

12r  combines the origin with the integration element at 2r . The relation between ( )0E r  and 

( )iE r  is supposed by us to be linear, thus 

 

                 ( ) * * * *

0 0 0( ) ( ) ( ) ( ) ( )p m i p mP r E r E r r      = − = −    (7) 

 

In general, ( )r  is a tensor, as the directions of iE  and 0E  are not necessarily parallel. It 

further depends on the place inside the sample due to the locally different action of the 
polarization charges. 
 

In order to calculate ( )P r  or ( )E r  from expressions (6,7), we make the assumption, that 01 

does not depend on r  . The polarization established inside the dielectric particle, is due to the 

displacement of electrical charges enforced by the field ( )0E r . Surface charges are built up (on 

S and C in Fig. 1b) and counteract the complete displacement corresponding to the field ( )0E r

. We will suppose here, that the whole set of charges experiences the same displacement, which 

means, that (I constant. We further suppose, that the polarization vector P  points more or less 

into the direction of ( )0E r , i.e., we will consider the projection of the field, generated by the 

polarization charges, on the direction of ( )0E r : 

 
* *

1 0 1 0 1( ) ( ) ( )p mP r E r   = −  
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( )

* *

1* * 0 2 2 0 1 12
0 0 1 0 123

12 0 1

( ) ( ) ( )
( ) ( ) ( )

4

p m

p m

E r d F E r r
E r E r

r E r

  
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

 
− 

= − −    
 
 

  

 

                         
( )

1

* *

* 0 2 2 0 1 12
1 23

12 0 1

( ) ( )
1

4

p m

m

E r d F E r r

r E r

 
 



−

 
− 

= +  
 
 

    (8) 

 

This value allows considering a first approximation of the polarization 1P  , which on the surface 
of the dielectric body generates charges, and thus an additional field inside the dielectric. The 
problem would be completely solved if the total field at any place fulfills already the condition 

* *
1 0 ( ) ,i p mE P   = −

but in general, the polarization 1P  of the first approximation step will not 

be sufficient to describe the real situation, and a field 
( )1E r

 keeps acting on the dielectric with 

the effect of the additional polarization 
( )2P r

, 
 

 
( )* *12

1 0 2 2 2 1 1 03

0 12

( ) ( ) ( ) ( ) ( )
4

p m

r
E r E r P r d F P r

r
  


= − − −

   (9) 
 

( )2P r can be calculated with ( )1E r  in the same way, as ( )1P r  was calculated with ( )0E r  . The 

number of approximation steps needed to achieve the best result depends on the complexity of 
the shape of the dielectric body, as well as on the allowed error of the result. 
 

  
(a) (b) 

Fig. 1: (a) Prolate ellipsoid with indication of used symbols in the calculus. (b) Dielectric 
cylinder of diameter 21? and length 21. 

 
Exact solutions with a constant cc are known for the sphere, the infinitesimal thin wire (needle), 
and the infinitesimal extended disk (sheet). When our approach is applied here, already the 

first approximation step gives the exact solution, as it should, when ( ) 1r = = constant. 

 



 
 

 

399 

Ramirez, A., Corro, G., & Flores, E. M. (2025). Dielectro Phoretic Force Spectroscopy in Short Blood Cell Aggregations. British Journal of Healthcare 
and Medical Research, Vol - 12(01). 393-405. 

URL: http://dx.doi.org/10.14738/bjhr.1201.18268. 

 

The polarization of a prolate spheroid (Fig. la) result with expression (7) and ( )2 2 2 2/q b a b= −

in 
-1 

 𝛼 = {𝜀𝑚 + (𝜀𝑝
∗ − 𝜀𝑚

∗ )𝑞2 (1 +
√𝑞2+1

2
⋅ ℓ𝑛

√𝑞2+1−1

√𝑞2+1+1
)}

−1

 (10) 

 
For an oblate ellipsoid one gets instead 
 

                                               𝛼 = {𝜀𝑚 + (𝜀𝑝
∗ − 𝜀𝑚

∗ )(𝑞2 + 1) (𝑞 𝑎𝑟𝑐𝑡𝑎𝑛
1

𝑎
− 1)}

−1

  (11) 

 
 

and consequently with q →  (or a b= ) we have for the sphere-shaped dielectric 

( )* *

1 3 / 2p m  = +
yielding the known expression for the polarization vector 

 

                                                     

* *

0 0* *
3 .

2

p m

p m

P E
 


 

−
= 

+
 

 

It is easy to recognize, that ( ) ( ) ( )* * * *3 / 2p m p mK     = − +  , the Clausius-Mossotti factor, is in 

accord with expressions (2,4). Not so straightforward is the situation in the case of a short 
cylinder-shaped body (Fig. 1 b), as e.g. rouleaux are. 
 
We proceed: 

 

( )
0 2 2 0 1 12

23

12 0 1

( ) ( )E r d F E r r

r E r
 =  

 

( )

( )
1/2

2 2

3/2 30 2 2

2
2 4

R L
R

L

ada L rdr
L

ra L




+


= = 

+
   

 

( )
1/2

2 24 1 /R L
− = − +

  
 

 

( )( )

* *

0 0

1 1/2
* * * 2 2

( )
.

( ) 1 1 /

p m

m p m

E
P

R L

  

  
−

−
=

+ − − +
 

 
This is a homogeneous polarization and only the first approximation, which is good enough for 
long cylinders with L R  or for disks with R L . Without going into further details of the 
calculus, one gets for the polarization of a short cylinder in a second approximation 
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 ( )( ) 
1

1/2
* * * * * 2 2

0 0( ) ( ) 1 1 / *p m m p mP E R L     
−

−

= − + − − +   (12) 

 

( ) ( )( ) ( ) ( ) ( ) ( )

( )

1/2 1 1/2
2 2 2 2 2 2 2 2

* * 1 2 2

1/ 2 1 / 1/ 2 1 8 / 1/ 2 2 4 1/ 2
* 1 .

( ) 1 7 /16 1 11 / 56p m

R L L R L R L R L L R

R L 

− − −

−

 − + − + + +  + − 
+ 

− + − +  

 

 
With the application in expression (12) of real values for R  and L , which correspond to a 
single erythrocyte and an aggregation to a 'coin stack' of, say, ten erythrocytes, i.e. 

 2 7.5 ;2 2.2R m L m = =  and  2 7.5 ;2 22R m L m = = , respectively, a change of about 5:1 in 

the induced polarization happens. This, of course, must have a notable effect on the 
dielectrophoretic force, acting on such cylindrical particles. Corresponding to the tendency, 
that dielectric bodies align its axis of maximum polarization with the external field, erythrocyte 
cell aggregations up to the stacking number 3s =  will orient the single cell radius vector 
parallel to the external field, while for 4s   a reorientation occurs and the cylinder axis aligns 
with the field (see Fig. 2).  
 

DIELECTROPHORETIC FREQUENCY SPECTRUM ON FORCE 
The frequency response of the DEP force on linear arrangements of erythrocyte 'coin stacks' is 
governed by expressions (2, 12) and the corresponding Clausius-Mossotti factor, which is 
related to cc (expression 7) by 
 

 ( ) * *( ).p mK    =  −       (13) 

 

In the limiting cases of a long cylinder (needle) and a sphere, with *1/ m = and * *3 / ( )p m  = +

, respectively, the relations (4,5) are of course reproduced. In the following calculus the 
rouleaux are approximated to solid homogeneous cylinders of length 2L s d=   (Fig. 2) with a 
relative permittivity 50p =  and conductivity 0.5 /p S m =  [10]. 

 

 
Fig. 2: Erythrocyte 'rouleaux '. Direction of maximum polarization is x. For s = l, 2, 3 the radius 

R of the cell aggregate aligns with the external field. 
 
Using these parameters, a plot of the frequency variation of the polarization factor, estimated 
from expression (13) was calculated as a function of frequency and rouleaux-length parameter 

s at different aqueous medium conductivities between 0.001 /S m and 0.1 /S m . 
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Fig. 3: Real part of the Clausius-Mossotti factor multiplied by the erythrocyte stack number s , 

measured against the A.C. electric field frequency. The stack number s is a rouleaux size 

parameter, meaning 1s =  a single erythrocyte, and 2s   a linear cell aggregation of two or 
more erythrocytes. The conductivity and relative permittivity of the internal cell and the 

suspending medium are taken as 0.5 
1S m−  and 0.01 

1S m−  , as well as 50  and 80 , 

respectively. Particle dimensions are 2R = 7.5 m , with s 1, 2, 3  characterizing the linear 

side-by-side adhesion of erythrocytes. 100s =  might not be a real situation, but represents the 
often applied border case of an 'infinite' cylinder length. 

 

 
 

Fig. 4: Detail of the frequency region, where the dielectrophoretic force goes negative for cell 

aggregates of different size in a medium of conductivity 
0.01m = 1S m− . The similarity 

between curves belonging to low values of s is a consequence of similar axis relations /R L  due 
to the reorientation of aggregations with the external field vector along the major axis. 
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Fig. 5: Same as previous figures 3 and 4, but by a factor of 10 increased medium conductivity 

value of 
0.1m = 1S m−  
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Fig. 5: Same as previous figures 3 and 4, but by a factor of 10 increased medium conductivity 

value of 0.1m = 1S m−  

 
The results for the dielectrophoretic force, which is proportional to s∙Re[K(ꞷ)], are shown in 
Figs. 3 through 5 for the case of σՠ=10mS/m and σՠ=100mS/m. As can be seen from this 
figures, the force on rouleaux of different length is indeed quite different, and in certain 
frequency ranges it remains positive for shorter cell aggregates, and goes negative at higher 
frequencies, while for long aggregates, this latter behavior is observed at lower frequencies. 
Although these figures do not show the absolute force on the rouleaux, it does represent the 
frequency variation and the direction of the force. As shown e.g. in Fig. 4 with more detail, the 
difference in the critical frequencies (defined by s∙Re[K(ꞷ)] =0) of rouleaux, formed of, say, 9 
or 10 erythrocytes is about 4 MHz, which is easy to control under experimental conditions. For 
short rouleaux, the tendency to align the major particles axis with the external field leads to a 
reorientation process, if the cylinder half-length becomes smaller than the erythrocyte radius 
R (see Fig 2). This is the case for s=l,2,3, given that the outer erythrocyte thickness is more than 
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three times smaller than its diameter. It implies, that the induced dipole moment is similar for 
rouleaux with s=3&4, respectively. Nevertheless, is the DEP force at lower frequencies positive 
for all particle sizes and quite different in its amount, as indicated by the product of s∙Re[K(ꞷ)] 
for a fixed frequency. 
 

CONCLUSION 
From previous figures it becomes clear that the DEP effect shows two regions of importance. 
The positive part means, that dielectric particles are attracted to the electrodes, contrary to the 
negative part, where the particles are rejected [20]. The cross-over frequency is the frequency 
in which the DEP force is equal to zero. It depends strongly on the conductivity and the 
permittivity of the particles and of the suspended medium. This is clearly seen in figs. 4 and 5, 
where the only changed parameter of the calculus is the medium conductivity of mS/m and 
σm=10mS/m and σm=100mS/m. 
 
Known microelectrode arrays for batch and continuous separation of microorganisms and cells 
allow to achieve separation and sorting of a population of erythrocyte rouleaux. It is shown in 
this work that the induced dipole moment in erythrocyte rouleaux of different sizes of 
aggregation causes a dielectrophoretic force effect, which is different in magnitude for different 
rouleaux lengths. Additionally, do exist frequency windows, where this force is negative for one 
subpopulation, while it is positive for another one, providing for a means of sorting. 
 
We have not included in our study the effect of size- and shape dependent friction, which the 
particles might suffer in its movement. The friction factor of a sphere, a disk, a cube or a cylinder 
depends in a complicated way on geometrical and hydrodynamic conditions of the rheological 
system. While for a sphere-like particle the friction factor is known to be proportional to the 
sphere radius R, other cases are not so straight forward. At any rate, the friction force 
counteracts and thus diminishes the DEP force on the considered particle. 
 
Impedance spectroscopy enables rapid and convenient data acquisition; furthermore, it offers 
additional information since it is also phase sensitive. 
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