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ABSTRACT   

 In this paper considered by the method of the organization of cellular automata to extract 
characteristic features of images based on the Radon transform. Cellular automata are 
constructed using a hexagonal surface. This increases the efficiency of image recognition. This 
made it possible to implement the Radon transform on the six directions. This cellular automata 
was simulated in the software environment of Active-HDL, and also was created his software 
model. Experimental studies for both models showed high results of recognition for the 
different levels of noise that are present in the image.  
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1 Introduction 

In 1917, the mathematician J. Radon [1,2] proposed a method of renewal (reconstruction) of 
multidimensional functions by their integral characteristics. The method solves the inverse 
problem of integral geometry. Besides of the main applications of the Radon transform (RT) 
(computed tomography [3,4], seismology) there are papers which prove its effectiveness on the 
allocation of characteristic features such as image recognition tasks [5] and at the analysis of 
their structure [1,5–9]. 

On the basis of RT we can build a system for automatic recognition of visual images. 
Shortcomings in the existing fields of application are:  

1) - medical tomographs implement this method through hardware, though relatively 
quickly, but not used for image of task recognition;  
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2) – with digital imaging the entire volume calculations of Radon transform (which has a 
direct relationship with the Fourier transform [3], and hence a similar computational 
complexity), falls on CPU, which can not provide the performance for real-time. 

Medical tomographs are stationary bulky devices that can not be effectively used anywhere, 
especially for the problem of recognition. 

In this paper we consider the possibility of combining of hardware implementation of 
projections RT with small size of device. Hexagonal cells is used for organization of cellular 
automaton (CA), which provides high accuracy in image recognition and speed comparable to 
that of real-time [10–17]. RT is considered in six directions through the implementation of CA, 
based on cells with a hexagonal shape. 

2 Implementation of RT model on the CA with a hexagonal coated 

In [3] it is determined that a sufficient minimum number of RT projections, which is possible to 
restore primary image is three: the directions 0°, 60° and 120°. Hence a set of three projections 
can be regarded as the characteristic feature that is already possible to perform image 
recognition. But the above-mentioned angles (0°, 60° and 120°) exactly coincide with the 
directions of the hexagonal coverage (fig. 1,а) [15,17]. Moreover, the hexagonal lattice is 
possible to allocate not only 3 but and 6 lines (fig. 1,б). As shown in Figure 1,a is a cellular 
automaton in the form of a regular hexagon shape repeats its view of the hexagonal unit pixel. 
The same figure shows the lines of the main directions of the hexagonal coverage - is 0°, 60° 
and 120°. Besides the main directions of hexagonal raster has additional directions 
corresponding corners 30°, 90° and 150°. All these directions and their relative positions are 
shown in Figure 1,b, hence it is in these areas hexagonal raster enables constructing six 
projections RT (fig. 1,b). Hence, if you imagine the processed image as a homogeneous 
structure or matrix having a hexagonal surface (Fig. 1,a) and give it some rules of functioning, 
you can get a result in the form of six projections on directions RT 0°, 30°, 60°, 90°, 120°, 150° 
(fig. 1,b). 

  
Figure 1: «Congenital» directions of hexagonal coverage  

Such homogeneous structures have long been invented and are called CA. The main interest of 
the specialists in the field of computer science to cellular automata is caused by the fact that 
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they form a parallel computing paradigm, just as Turing machine paradigm successive forms. 
Thus, they can be used as models which own natural parallelism  [10–18]. 

Consider the Radon transform and its physical content in more detail. 

The most important practical and at the same time the simplest case is a function of two 
variables. 

Suppose we are given a function f(x,y), which is defined on some interval D [3,4]. Consider in 
the plane xy the line L, which intersect area D (fig. 2). Then, by integrating the function f (x, y) 
along the line L, we obtain the projection or linear integral of functions f. Integration along all 
possible lines L allows to define the RT for the function f(x,y):  

∫==
∨

L

dsyxfRff ),(  (1) 

where ds — increment of length along the line L. 

As is known [1-3] RT function f (x, y) for the two-dimensional case through the normal 
equation of the line L can be represented by a formula (fig. 2): 

∫
∞

∞−

∨

+−== dsspspfRfpf )cossin,sincos(),( ϕϕϕϕϕ  
(2) 

where р - distance from the origin to the line (fig. 2); 

φ – the angle between the p and x. 

ds - length of increment along the line L. 

 
Figure 2: Radon transform 

In a cellular automaton with a hexagonal surface (CAHS), which is built by hardware of six 
projections (sinograms) RT for directions 0°, 30°, 60°, 90°, 120° and 150° particular cases of the 
formula (2) will have the form: 

For direction 0°: 
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For direction 30°: 
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For direction 60°: 
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For direction 90°: 
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For direction 120°: 

∫
∞

∞−

∨

−−−== dsspspffRpf )
2
1

2
3,

2
3

2
1()120,( 120120

  

For direction 150°: 
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If necessary, a larger number of projections RT, which is allocated by hardware, can be used 
by two or more CAHS which are rotated relative by to each other by an angle β to axis 
perpendicular to their plane: 

n
30=∠β    , (3) 

where n – is CAHS number, each of which performs a selection of RT by 6 directions. 

Physical content of RT consists of finding of the sum of the brightness values of pixels, which 
forming this image, along a straight line in a certain direction. The results of these 
transformations will be arrays of values, which will transform the projections in the relevant 
directions. 

Now we use the physical is content of the RT for set rules of operation of CA. To construct 
the projection sufficient to perform shift of the entire image in the desired direction. Here it is 
necessary to perform the summation of the luminances of pixels, which are not in the cells 
themselves, but in special accumulation adders which are situated on the perimeter of the cell 
medium. 

Building of projection for angles 0°, 60°, 120° is quite easy to implement. It is necessary to 
implement a shift of the entire image in the appropriate directions, typical for this type of 
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coating. The fig. 3,b shows an example of a direction of shift 0°: each cell (x0) takes the value of 
its right neighbor (x4). Similarly projections for directions 60° and 120° are constructed. 

Projections for angles of 30°, 90°, 150° are more complex to build and implement. The 
difficulty is that it is impossible to perform a shift along the marked directions. To get the 
desired angles, it is necessary to combine the shift in the neighboring directions in turns by 0°, 
60°, 120°. Let us consider the example of shift for the angle 30°. When moving left and down, 
each cell (x0) takes by turns the value of its upper right neighbor (x2) and right neighbor (x4) 
(fig. 3,с). 

   
Figure 3: Codes of neighboring cells and shift of the image on the hexagonal cover 

Considering all the above, we can describe the principle of operation of the device. Let Q - 
set of directions CAHS:  Q = {0°, 30°, 60°, 90°, 120°, 150°}. If every line of the i-th (i = {1, 2, ..., 
k}, where k - the maximum length of the line) in the direction of q imagine how many pixels Lqi, 
and such that Lqi = {x1, ..., xk}, then You can write the formula amount of luminance values of all 
pixels in the line 

∑
=

=
iZ

1
jqi x  S

j

  

where Zi - the maximum number of pixels in the i-th line. Then projection RT for direction q can 
be represented as an ordered set Rq, consisting of all sums Sqi this direction: Rq = {Sq1, Sq2, ..., 
Sqk,}. 

Accordingly, a single processing element (PE) of CAHS x0 at the current time t (x0 (t)) should 
be set to one of the neighboring PE (x1, x2, x3, x4) in the preceding time t-1 (x1(t-1), x2(t-1), x3(t-1), 
x4(t-1)) under the influence of appropriate control signals (SX1, SX2, SX3, SX4): x0(t) = SX1⋅x1(t-1)+ 
SX2⋅x2(t-1)+ SX3⋅x3(t-1)+ SX4⋅x4(t-1). 

In work [15], a comparison of the program models and VHDL-models is performed, and also 
the analysis of the received projections is carried out. The experiment confirmed the similarity 
of the projections built during software modeling and Active-HDL models. It is results confirm 
the possibility of a hardware implementation of RT.  

Calculations show that for processing of image with size of 8192×8192 pixels (67 
megapixels) the cell medium will already spend 0,074 seconds at a frequency 1 MHz. That is, 
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the performance is sufficient for selection of the characteristic features (CF) on the basis of the 
RT to build recognition systems that can operate in real time. 

Examples of RT for image of letters «А» and  for different fonts and noise levels (Fig. 4a) 
show that this method of selection characteristic features that is resistant to insignificant 
distortions and noise. 

  

Figure 4: RT for different images letters "A" and the hieroglyph  

Confident recognition of characters is possible in signal / noise ratio up to level 2dB. We 
should also mention the peculiarity of RT for finding of straight lines and segments in the image 
(fig. 4, b). And lines, coinciding with the direction of the slope of the RT, are clearly detected 
even at signal / noise ratio to -5dB (fig. 4, b). 

3 Impact of the image rotation on the result of identification  based on 
characteristic feature as RT projections 

Since φ – is the angle between the direction of building RT of projection and direction of the 
coordinate system where there is an image, it does not matter which of these systems is fixed 
and which rotates. As φ = 30° is not rotated but for normally oriented image (0°) of the 
construction of the RT in the direction of 30°, as well as φ = 30° for reverse other situation - for 
the image at the angle of 30° in the construction of RT in the direction 0° (In both these cases, 
the RT formula will look. 

∫
∞

∞−

∨

+−== dsspspffRpf )
2
3

2
1,

2
1

2
3()30,( 3030

.  

On the basis of mentioned above CAHS it can be illustrated by constructing of RT 
projections of the letter «А», which is rotated on 0°, 5°, 10°, 15°, 20°, 25° and 30° (fig. 5), and 
where for each image a graphical interpretation of the corresponding transformations is shown. 
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As can be seen from Fig. 5 - RT projection that is rotated on the 30° letter "A" in the 
direction 0° repeats completely the RT projection of not rotated letter "A" (0°) in the direction 
30°. 

 
Figure 5: Example implementation of RT for characters with different angles of rotation 

Obviously, this regularity is true for any other angles, multiple constructing to RT 
projections of step. Since the synthesized CAHS selects six projections on RT ranging from 0° to 
π (RT projection of range from π to 2π will be mirror images of the projections in the directions, 
which are an extension of directions of range from 0° to π), then step (discrete) of projections 
constructing is π/6=30°. Thus, selected characteristic features are not sensitive to the rotation 
of the input angle of image multiple to 30°. 

Research has shown that, when it is necessary, to select a larger number RT projections by 
hardware we can use two or more similar CAHS, which are rotated relative to each other by the 
angle β (3) along an axis perpendicular to their plane.  

For the case of two CAHS on formula (3) ∠β = 15°, we get 12 directions in increments 15° 
(fig. 6). Fig. 6 indicates by the solid arrows the direction of the first cell medium (CM), is dashes 
- direction of second CM, which is rotated by an angle relative to the first 15°. 
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Figure 6: Directions of two CAHS rotated relative to each other on 15° 
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Thus, multilayer CAHS, which directions are shown in fig. 6 is insensitive to the rotation of 
the input image on the angle, which multiple to 15°. 

The conducted studies has shown, that rotation of the input image at an angle from 2° to 4° 
has almost no influence on the result of the numbers identification based on characteristic 
feature as RT projections. The fig. 7 shows examples of RT projections of digit "5", which is 
normally oriented (fig. 7a) is rotated by an angle of  2° (fig. 7, b) and rotated by an angle of 4° 
(fig. 7, c). As can be seen from Fig. 7, almost all projections of the direction with the same name 
are the same. 

 
Figure 7: RT projections for the image of digit "5" (a) of rotating on 2° and 4° (b, c) 

Taking into account the fact that at rotation of input image a gradual transition of one of 
selected projection from one discrete value to another (for example in Fig. 5 - by lines), it is 
possible to use not all full set of CAHS, but the half of the amount with the addition of missed 
projections with calculated values based on the approximation of neighboring units. In our case 
for the implementation of constructing of RT projections with increments of  3° (as a middle 
value between 2° and 4°) according to (3) it is necessary to use 10 of CAHS. But for the 
application of the approximating functions it is enough to use CAHS with just 5 layers: hardware 
will be allocate with the projections by directions 0°, 6°, 12°, etc. By approximation we obtain 
intermediate values  3°, 9°, 15°, etc. Thus, such use of the approximation allows to increase the 
number of allocated projections, while reducing the hardware costs. 

The approach based on the use of multilayer CAHS and approximations of the original data 
allows you to build devices for hardware allocation based on characteristic features of the 
Radon transform, which is insensitive (invariant) to the rotation of the input image. 
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4 RT Properties under Scaling  and Shifting  Of the Input Image 

It is known, that the Radon transform has the shift and scaling properties [1-3]. The offset 
function in the spatial domain leads to a displacement of projection along the p, and its 
magnitude depends on the angle φ (fig. 2). This is illustrated in fig. 8, where examples of RT for 
image of the letter "A" are shifted in the directions 0°, 45° and 90° are shown: value and shape 
of the projections of the same name are the same, except their displacement. If the direction 
shift of the input image and built RT projection coincided, the resulting projection did not move 
at all (fig. 8 a) and b) the projection of R-0 for directions 00, and a), d) the projection of R-90 for 
directions 900 ) and most shifted projection that has the perpendicular direction (fig. 8a) and d) 
of the projection R-0, and a), b) the projection of R-90), which fully confirms the dependence of 
the displacement of the angle φ. 

    
Figure 8: RT projection for image of letters «А» (а) at the shift of direction of the input image 0° (b),  45° (c) 

and 90° (d) 

Similarly to the scaling function in the spatial domain scaling of projections is undergone, 
but its value does not depend on the angle φ, and completely repeats scaling factor m of the 
function itself. 

In fig. 9 we show examples of projections of RT for input image of letters «А» (а), which is 
scaled by proportional  with coefficient to m = 1,5 by the two coordinates (b), scaled only in the 
x-axis (direction CAHS 0°) with coefficients m=1,25 and m=1,5 (c, d), and the y-axis only 
(direction CAHS 90°) with coefficients m=1,25 and m=1,5 (e, f). 
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Figure 8: RT projection for image of letters «А» (а) at the shift of direction of the input image 0° (b),  45° (c) 

and 90° (d) 

As can be seen from Figure. 9 а) and b) – scaling obtained projections of RT repeats 
completely the proportional scaling of the input image. Thus the sizes of form of the built  
projections also vary proportionally to m. 

More difficult are the special cases of non-proportional scaling along one of the coordinates 
(fig. 9, c) , d) , e) , f)), where not only disproportionate strain derived projections are observed, 
as well as some changes of their shape. For non-proportional scaling of function in the spatial 
domain of constructed projection is again dependable as in the case of the displacement from 
angle ϕ. So, if the direction of non-proportional scaling of the input image and build of RT 
projection coincide, then the obtained sinogram (fig. 9, а) and c), d) of projection R-0; а) и e), f) 
of projection R-90) will have the same width at extended to m times in the absolute values. 
While sinogram of perpendicular direction (fig. 9, а) and c), d) of projection R-90; а) and e), f) of 
projection R-0) will have an opposite pattern in form of a larger in m time width and equal to 
absolute values. Projections for the rest of the intermediate directions will be deformed in both 
the width and the absolute values on the amount from 1 to m and will depend on the angle φ. 
This will be accompanied by some changes in the form, which is explained by the 
disproportionate change of thickness and inclination angles of elements of the input image at a 
disproportionate scaled, which generally can be regarded as a kind of deformation or 
distortion. 

Characteristic features in the form of RT projections are invariant to shifts and scaling of the 
input image. And they also possess resistance to deformation and distortion in the form of non-
proportional scaling in one of direction on condition of account of the specification of these 
cases during operation of comparing of the CF with standard. 

 

 

5 Conclusion 
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The developed method allows to perform by hardware the selection of characteristic 
features based on Radon transform, which are insensitive to changes in the input image such as 
rotation, shift, zoom (including disproportional that is performed in one direction). Moreover, 
the invariance rotation is ensured by increasing of the number of layers and CAHS 
approximation of the original data, and the shift and scaling - only through considering when 
compared with standard characteristics of value of the shift and scaling factor of the input 
image. 
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