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ABSTRACT
The idempotent Cayley graph of the ring (Z,,,$,0) is the Cayley graph associated
with the symmetric set consisting of idempotent elements and their inverses in
the group (Z,,®). In this paper, we derive some basic properties of the idempotent
elements and construct the idempotent Cayley graph. It is shown that this graph is
connected and Hamiltonian. Further, if n = 2%, « > 1, this graph is bipartite.
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INTRODUCTION

The study of graphs associated with algebraic structures, particularly groups and rings, is an
active field of research in recent years. Many graph theorists, to mention some
[1,2,4,5,8,13,14,15] have studied various aspects of graphs arising from rings and groups.
Madhavi et.al [7,11,12] studied Cayley graphs associated with arithmetic functions, like Euler-
totient function, quadratic residues modulo a prime p, divisor function from Number theory
[3]; zero-divisors and nilpotent elements in the ring (Z,,8,). Somayyeh Razaghi and
Shervin Sahebi [14] have studied some kind of topological indices of the graph associated
with the idempotent elements of the ring (Z,,,@,©). This graph has Z,, as the vertex set I/ and
the edge setE ={(a,b) /a,b € Z, and a+ b is an idempotent element }. In our study, we
introduce another class of graphs, namely, the Cayley graph associated with the symmetric
subset arising out of the idempotent elements of the ring (Z,,,®,0).

The degree d(v) of a vertex v in a graph G is the number of edges incident with each vertex
v € G. If degree of each vertex in G is same, say r, then G is called r —regular graph. A graph is
a complete graph, if every vertex is adjacent to all other vertices of the graph. A walk in a
graph G is an alternating sequence of vertices and edges vy, e4,v4, €3, ..., €5, U, beginning and
ending with vertices, in which each edge is incident with the two vertices immediately
preceding and following it. A walk is closed if vy = v,,. A closed walk in which all the edges
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are distinct is called a circuit. An Eulerian circuit in a graph G is a circuit containing every
edge of G and G is an Eulerian graph if it contains an Eulerian circuit.

A cycle in a graph is a sequence of distinct vertices vy, v,,...,v,_1, 7 such that
(v1,v2), (05, v3), .., Vp_q, 1), (v, V1) are edges. It is denoted by (vq,vy,.., V., v, ) andris
called its length. A Hamilton cycle in a graph G is a cycle containing every vertex of G and G is
called a Hamiltonian graph if it contains a Hamilton cycle. A bipartite graph is a graph, whose
vertex set can be partitioned into two disjoint subsets X and Y (that is,V(G) = XUY,Xn
Y = @) such that each edge has one end in X and other end in Y.

For standard terminology and notions in graph theory, we refer Bondy and Murty [6] and
Harary [9] and for algebra Gallian [10].

IDEMPOTENT ELEMENTS IN THE RING (Z,,D,0)
In this section, some properties of idempotent elements in the ring (Z,,9,©) of residue
classes modulo n,n > 1 an integer, that are needed for defining the Idempotent Cayley Graph
associated with the group (Z,,,@) are obtained.

Definition 2.1: Let (X,) be a group. A subset S of X is called asymmetric subset of X if s™1 €
S,VsE€ES.

Definition 2.2: Let (R, +,-) be a ring. An element a in R is called an idempotent element if
2
a* = a.

Lemma 2.3: Let/ denote the set of idempotent elements of the ring (R, +,"). Then I is not a
symmetric subset of the group (R, +).

Proof: Let a € I, and let - a be its inverse in the group (R, +). By the elementary properties
of rings a € I implies that a? = a.

= (—a)? = (-a)(-a) = ~[(@(-a)] = -[-(@a)] =aa= a* =a.

That is, (—a)? # —a, so that —a & I.

This shows that [ is not a symmetric subset of the group (R, +).

The following lemma can be easily proved by using the properties of ring isomorphism.
Lemma 2.4: Let (R,+,") and (S, +,-) be rings and let Y: R — S be an isomorphism. Then the
image of an idempotent element in (R, +,) under ¢ is an idempotent element in (S, +,-).

Further, the pre-image of an element in (S, +,-) under i is an idempotent element in (R, +,-).

Idempotent Elements in the Ring (Z,,,®,©) of Integer Modulo n, n > 1 an Integer
Letn > 1be an integer. In the ring (Z,,,8,0) of integers modulon, an elementa € Z,, is
called an idempotent element if (@)? = @, or,a ® a = a.
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In the study of the idempotent Cayley graph of the ring (Z,,,®,©), the idempotent elements
and their number play a crucial role. A formula for determining the number of idempotent
elements is obtained in the ring (Z,,®,©) in the following theorem.

Theorem 2.5: Let n > 1 be an integer. Then the number of idempotent elements in the ring
(Z,,®,0)is 2k where k is the number of distinct prime divisors of n.

Proof: Letn > 1be an integer and letn = p;*1p,% ...p,%, wherep; <p, < -+ < pi are
distinct primes and a; > 1,1 < i < k are integers.

By the Chinese Remainder Theorem,
Zn = Zpar X Zpaz X o X Zp ay
under the isomorphism ¢: Z,;, — Zp a1 X Zp,az X ... X Z), @ given by
Y(@) = (a+Zp,e1,a+ Zpyer, oo, @+ Zp o). (1)

First we observe that, for any prime number p and r > 1 an integer, the only idempotent
elements in the ring (Z,-,®,0) are 0 and 1.

Forr > 1, we shall show that 0 and 1 are the only solutions of the congruence equation
x% = x (mod p"). (2)
Clearly x = 0 is a solution of (2).
Suppose 1 < x < p” — 1 is another solution of (2). Then
x% = x (mod p?).
Let x = sp*, where (s,p) = 1and 0 < 1 < 7. Then
x? = x (mod p") = (sp*)? = spt (mod p")
= (s?p?t —sp") = 0 (mod p")
(dividing the congruence equation by pf, since p is a prime)
= s(spt —1) =0 (mod p™™%)
= (spt —1) =0 (mod p™ "), since (s,p) = 1

=>@GphpH=1___ (3
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Again since (s,p) = 1, we have (sp%,p"™%) = p and this is a contradiction to the fact that
(spt,p™™ ) =1 (by (3)), unless t = 0.

Then t = 0 gives x = sp® = s = 1 (mod p), since (s,p) = 1.

This shows that x = 1 is the only solution of x? = x (mod p"), other than x = 0.
Thus 0 and 1 are the only two solutions of the congruence equation x? = x (mod p").

From this it follows that 0 and 1 are the only two idempotent elements in (Zpr,@,C)). So
(e, €z,..,€x) € Zpar X Zyas X ... X Zp a, Where ¢, =0, or, 1, 1<i<k are the only
idempotent elements inZ, a1 X Zp a2 X ... X Zp, ok and their number is 2%, where k is the
number of distinct prime divisors of n.

By the Lemma 2.4, the idempotent elements of the ring Z,, are thus simply the pre-images of
these idempotent elements in Z, a1 X Zp,az X ... X Zp, o under the isomorphism 1. So the

pre-image of an idempotent element in H{-‘zl Zy, .« is also an idempotent element in Z;,.

This shows that the number of idempotent elements in the ring (Z,,,0) is 2*, where k is
the number of distinct prime divisors of n.

Example 2.6: Consider (Z;,,0,0). Here 12 = 22.3, so that 2 and 3 are the only two distinct
prime divisors of 12 and thus the number of idempotent elements in (Z;,,@®,0) is 22 = 4.

AISO le = ZZZ X Z3 = Z4_ X Z3.

The idempotent elements in (Z,,@0,®) are 0 and 1 and similarly the idempotent elements in
(Z5,®,0) are also 0 and 1. So the idempotent elements in Z,X Z; are

{(0,0), (0, 1), (1,0), (L, D}
Letd = (0,1) € Z, X Z;. Then d = (0,1) = (0 + 42,1 + 32).

If a€Z,is the pre-image of d under the isomorphism y:Z;, = Z, X Z3, then y¥(a) =
(@+Zy,a+2Z3) = (a+4z,a+3Z),sothat (a+4Z,a+3Z)=d=(0,1) =
(0+4Z,1 + 3Z) and this shows thata = 0 (mod 4) and a = 1 (mod 3).

Now 4Z = {0, 4, 8,12}. (Since we are considering Z,,, we need not go beyond 12) and 3Z +
1=1{1,4,7,11}.

Since 4 is the common element to 4Z and 3Z + 1, 4 € Z,, is the pre-image of (0, 1).

Observe that (4)2=4(® 4 =16 =4 (mod 12) and thus 4is an idempotent element in
(212’®J®)'

In this way, the pre-images of (0,0), (1,0) and (1, 1) can be determined by using the above
process and these are given in the Table 1.
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Table 1: Table for pre-images

0(mod 4) | 1(mod 4) | 0(mod 3) | 1(mod 3)
0 1 0 1
4 5 3 4
8 9 9 10
12 13 12 13

Pre-image of (0, 0) is 0, as the common element to 0(mod 4) and 0(mod3) is 0.
Pre-image of (0, 1) is 4, as the common element to 0(mod 4) and 1(mod3) is 4.
Pre-image of (1, 0) is 9, as the common element to 1(mod 4) and 0(mod3) is 9.
Pre-image of (1, 1) is 1, as the common element to 1(mod 4) and 1(mod3) is 1.

So the idempotents in (Z;,,0,0) are 0,1,4,9. Observe that 02 = 0,12 = 1,42 =16 = 4,92 =
1=0.

o]

Remark: The method of finding the idempotent elements and their number as given in
Theorem 2.5 is applicable for any integer n > 1. However for manageable smaller numbers n,
the idempotent elements @ € Z,, can be calculated by checking whether (@)? = a. For
example:

1. Forn=6, we have (0)2=0,(1)>=1, (2?%?=4,(3)?=9=3,(4)?=16=4 and
(5)2 = 25 = 1, so that 0,1, 3, 4 are the idempotent elements in the ring (Z¢,®,®). Here
6 = 2 X 3, product of two distinct primes, so that the number of idempotent elements
in the ring (Z,,®,0) is 2% = 4

2. Forn=7, wehave (0)2=0,(1)2=1,2)?2=%03)?=9=2@?2=16=2 (5) =
25 =4and (6)> =36 = 1so that 0,1 are the only idempotent elements in the ring
(Z7,8,0). Here n = 7 is a single prime, so that the number of idempotent elements in
the ring (Z¢,D,0) is 21 = 2.

3. Forn = 8 = 23, which is a power of a single prime. We have (0)2 =0, (1)2 =1, (2)? =
3,(3)?=9=1,(32=16=0, (5)°=25=1,(6)?=36=4and(7)2=49=1s0
that 0, 1 are the only idempotent elements in the ring (Z,,@,®) and whose number is
21 =2.

THE IDEMPOTENT GRAPH OF THE RESIDUE CLASS RING (Z,,,®,0)
Letn > 1be an integer. Let [ be the set of idempotent elements in the ring (Z,,,8,©). Then
by the Lemma 2.2, is not a symmetric subset of the group (Z,,®). Let I* = I — {0} and let
(I")™! = {n=a/a € I'}, be the set of inverse elements of I*in the group (Z,,,®). Then clearly
I=1"u(*)"tis a symmetric subset of (Z,,,®). Since 1 € I, we haven — 1 € (I*)~! and thus

1L,n—1€l.

Definition 3.1: Letn > 1 be an integer. The idempotent Cayley graph of the ring (Z,,,5,0)
is the graph whose vertex set V is Z,, and the edge set E{(a,b)/a, b € I and eithera—b €
I,or,b — a € I}. This graph is denoted by I'(Z,,).

Clearly I'(Z,,) is a simple graph (having no loops and parallel edges).
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Remark: If 0 is not excluded, from I to setI*, then 0 € I and for everya € Z,,a —a € I and
foralla € Z,,, (a,a) is aloop in the graph I'(Z,). Thus I'(Z,,) contains a loop at every vertex. As
we are seeking a loopless graph, 0 is deleted from I.

Example 3.2: The idempotent Cayley graph I'(Z,) of the ring (Zs,®,0©) is as follows. Here [ =

{0134} smce02—0 12=132—9—3 42—16—4, SO thatI*—{134}and aH—t=

Table 2: Table fora — b in (Z,,®
a-b| 0 1 2 3 4 5
0 0 5 4 3 2 1
1 1 0 5 4 3 2
2 2 1 0 5 4 3
3 3 2 1 0 5 4
4 4 3 2 1 0 5
5 5 4 3 2 1 0

There is an edge between the elements @ and b for which @ — b (the shaded elements) belong
to [ in the Table 2. From the Table 2, it is evident that there is an edge between every pair of
vertices in the vertex setV = Z; of ['(Z¢) and thus the graph I'(Z¢) is a complete graph as
shown in Fig.1.

3
Fig.1: The graph I'(Z¢)

Example 3.3: The idempotent Cayley graphI'(Z;;) of the ring (Z,,,8,0)is as follows.
Here I ={0,1,4,9}, so thatI*={1,4,9}, I*)"*={12—-1,12—-4,12 -9} = {11, 8,4} and

1=1{143871183}={13,438,911}

Table 3: Table fora — b in (Z,,®)

a-b| 0|12 |3|4|5|6|7|8]|9/ 10|11
0 0|/11|10| 9|8 |7 | 6 | 5| 4|3 |21
1 1|/ 011|110/ 9|8 | 7 | 6|5 | 4|3 | 2
2 2|/ 1|01|11|10/ 9| 8 | 7| 6 |5 | 4| 3
3 3|2 |1|0(11|10| 9 |8 |7 |6 |5 | 4
4 4|/3|2|1|0|11|10|9 |8 |7 | 6/| 5
5 5/4|3|2|1|0|11|10| 9|8 | 7| 6
6 6| 5|4|3|2|1| 0 |11|10| 9 | 8| 7
7 7!/ 6 |5|4(3|2|1|0|11|10| 9 | 8
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The edges in the graph I'(Z;,) are determined by using the Table 3 as in Example 3.2.

0
|

5:&! :._{ 7“1

N
7 = 5
3

Fig.2: The graph I'(Z,)

SOME PROPERTIES OF THE IDEMPOTENT CAYLEY GRAPH
In this section, it is shown that the Idempotent Cayley graph I'(Z,,) is connected, Hamiltonian.
Also it is bipartite forn = 2%, & > 1 an integer.

Theorem 4.1: Letn > 1be an integer. The Idempotent Cayley graph I'(Z,,) is a connected
graph.

Proof: Lett,5 € Z, be any two vertices of the graphI'(Z,) and letr > s. Then0 < s <r <
n—1.For0<s<r<n-1,s+1-5§=1€l,s+2-(s+1)=1€l,..,r—1-7r=1€l

So(§,s+1),(s+1,s+2),..,(r—1,7) are all edges of I'(Z,) and§ —-s+1—>s+2 —
— r — 1 — 7 is a path connecting § and 7. Thus the graph I'(Z,,) is a connected graph.

Theorem 4.2: The Idempotent Cayley graph I'(Z,,) of the ring (Z,,,®,©) is Hamiltonian.

Proof: Letn > 1be an integer. Clearly 1 € I. Foraninteger r,0<r<n-1,r+1—-7=1€

I, so that (7, + 1) is an edge of I'(Z,). This shows that0 -1 —>2 — - —>7F—>r+1—
—>n—-1—0 (1) is a closed path passing exactly once through every vertex of

the graph I'(Z,,) and hence it is a Hamilton cycle in I'(Z,,). So the graph I'(Z,) is Hamiltonian.

Definition 4.3: The cycle0 1 —>2— - —>7—>r+1— - —n—1— 0is called the
outer Hamailton cycle of the graph T'(Z,).

Theorem 4.4: Letn = p™, where p is a prime and m > 1is an integer Then the Idempotent
Cayley graph I'(Z,,) contains only the outer Hamilton cycle (0,1,2, ...,n — 2,n — 1,0).

Proof: Letn = p™, where p is a prime and m > 1 is an integer. Since n is a power of a single
prime, the number of idempotent elements in (Z,m,@,0) is 2! = 2 and they are 0 and 1. So

I1={1,(p™—1)}. For any vertex#, 0 <r <p™—1of the graph['(Z,), 7@ 1and+ D
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(p™ — 1) are the only two vertices adjacent to 7. But7 @ (p™ — 1) = r — 1, since p™ = 0. So
(7,r +1)and (r — 1,7) are the only two edges through 7, forall r,0 < r < p™ — 1.

r

r—1 r+1

Fig.3: The connected path fromr —1tor +1

This shows that F(me) contains only the outer Hamilton cycle

0,1,2,..,r—1,7,r+1,..,pm—1,0).

Example 4.5: Consider the graph I'(Zy). Here 9 = 32, 3 is a prime. So (Z,,,®) has 21 =2
idempotent elements, namely 0 and 1. So [l ={0,1}, I* = {1}, (I")"' ={9—1} = {8} and
I = {1, 8}. By Theorem 4.4, the graph I'(Z,) is the outer Hamilton cycle as shown in the Fig.4.

E\I\ A
Fig.4: The graph I'(Z,)

Theorem 4.6: Ifn = 2% a > 1, then the graph I'(Z,,) is a bipartite graph.

Proof: Letn = 2% a > 1 an integer. As in Theorem 4.4, one can see that [ = {1, (2« — 1)} and
the graph  I'(Z,) consists of only the outer Hamilton cycle
0,1,2,..,r—1,7,r+1,..,2¢ — 1,0).

This graph is a bipartite graph with bipartition A x B, where A = {0,2,4,...,2%* —2}and B =
{1,3,5,..,2¢—1}.

For example, whenn =16 = 2% 4={0,2,4,6,8,10,12,14} and B = {1,3,5,7,9,11,13, 15}.
The graph I'(Z,¢) and its bipartite version are given in Fig.5.

= 0

=l

kN

‘.—4

[*]
N el
=1
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|
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N
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sy T 1 3 5 7 9 11 13 15
Fig.5: The graph I'(Z¢) and its bipartite version
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