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ABSTRACT
An elaborate but brief proof of the existence and uniqueness of the solution of an
i.v.p for an o.d.e. is given. Because in both proofs the same initial condition is used,
a considerable simplification of the K(t) Lipschitz function takes place. If the
solution of the o.d.e. is known then the maximum interval of existence of the o.d.e.
can be found again.
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INTRODUCTION - MAIN THEME
For the i.v.p. of an o.d.e., in one dimension we can write:

y'= f(ty), y(to)=yo (1)
wheret € IR,y € IR

The formal solution of (1) is:

t ! 4 !
y()=yo:f; £(¢',y (¢)de (2)
which can be represented by the sequence of functions

t ! ! !
Yn+1(t) =yo + fto(t ,yn (8Ddt, n € IN, y, (to) = yo (3)

Furthermore, we suppose that the function f(t,y) is Lipschitz with respect to its second variable,
i.e.[2]

|f(t,y) — £(t,x)| < K(1) |y-x| K(t)>0 (4)

Which is a condition in between continuity and differentiability with respect to the second
variable [3]

A Lipschitz function is continuous; a differentiable function is Lipschitz
Note: {a Lipschitz function f(t,x) not to be confused with the K(t)-Lipschitz function which has
a similar name but different meaning}.
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For the proof of the existence, we subtract (3) and (2) and we are using (4), by which:

Yne1(© = y(©1 < J KE) lya () = y(©)ldt (5)
Defining:
Mp = max[g, 4 [y (t) — y(t)] (6)
We get by (5)
[Yae1(0) = y(©)] <M [ K(t)dt (7)

Since ifa(t’) < b(t") Vt' € |ty, t| = maxa(t’) < maxb(t")
[tO!t] [tO!t]

and since

tr t
max f K(t")dt” = f K(t)dt' (K(t) > 0)
to t

[to,t] o
we obtain by (7)
Mpi1 SAM, (8)

where A= ft K(t") < 1. Since K(t) is positive, A (ty, t) is positive and increasing that can reach
0

the value 1 for t; large enough i.e. A (ty, t;) = 1.
Limiting t: ty < t < t; we getalways A (t,ty) < 1.
Noting that
M, = max lyo —y(®I

By (8), we easily obtain M,, < M, A"
Since
0SA<1(tp<t<ty)

we obtain lim M, = 0

n—,oo

Which finally implies that the sequence of functions yn(t) (3) tends to the formal solution (2).
For the proof of the uniqueness of the solution one defines the second solution.
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x(t) = yo + ftto £(t',x(t"))dt’ (9)

Subtracting (9) by (2) and defining
M(t)= maxie, ¢y ly(t") — x(t")| (10)

and using the same process as in the existence proof one gets M < M A= M ftt K(t"dt forty, <
0
t<t; (A< 1)

Since M is non-negative and A< 1, the only way for the inequality M < M A to be satisfied is
M=0, which implies x(t)=y(t) (uniqueness).

For the Lipschitz condition from the above proof, we have
|f(t, y(©) — f(t, x()]| < KD x(t) — y(©)] (11)

Where K(t) has an “obvious solution”:

_ Ify @) -fex@)
K© = ly(©-x(®)] (12)

And

y(®) =y(o,t), X(t) =y (X0, D).

Since in the existence and uniqueness theories we have taken x, = y,, K(t) finally tends to K(t)
where

Sy |fy e —ftxe)
KO = Jim = o= (13)

Taking the de I’ Hospital limit of the variables

‘EH ay|
ayllayol _ |af
6y| - P
— y
|0Y0

X0, Yo, Yo = Xo we get K(t) =
Which finally gives:
&) = |2F
R® = |5, 6y ®) (14)

Now for the A-condition (A< 1) we have A (t,ty) = ftz K)dt' <1 (t, <t <t;) where t; is
defined by
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A (to,ty) = fttOlK(t')dt’ =1 (15)

In the following lines some examples of 0.d.e’s (i.v.p) in one dimesion are given to display the
above ideas:

Let us consider the i.v.p:
(A) yl = y2, Y(tO) = yO'tO > 0' Yo >0 (16)

i.e. f(t,y)=y? which has the solution

Yo 1
t) = = t=>t 17
YO = Hew fyg)+to-t 0 (17

And for which

K(t)—|af|—2||-t <t<t +1
_ay_ Y- o= 0 Vo

According to the theorem, the solution exists and is unique from t, to t; where

~ 1 -
A (to,ty) = [*R(®)dt = —21n [“*ﬂ;&] —1 (18)
Yo
i.e.
1 1 1
t0<t1—t0+;(1—ﬁ)<t0+% (19)

Actually, we have:

t =ty +— -2
= — K = Bt
! 0 Yo Ve
and

Yo Yo

y1_1_}’0('51_'50)_1—K

Considering again the point (t;,y;) as the initial point (ty, yo) we get for the (t,,y,)

K K (1-x) Yo
t,=t,+—=ty+—+x——=andy, =
2 1 Y1 0 Yo Yo Y2

(1-%)?

Going on with this process we get finally
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t, =ty + yi [1-(1-1)"] (20a)

and

_ Yo
YII - (1—1)n (ZOb)

having done a continuation of the solution from t; to t,, where

1
t0<t1<tn<t0+_
Yo

Since 0 < k = 1 — — < 1 we have lim th =to + 2 and lim yn = +0o (See Figure )
Ve n—-oo Yo n—oo

y“)ﬂ
1 ‘yo
Wyrt, | -
to t; t, 13 . to + (1/}]0) t
We see that the whole interval of definition (to,to +yi) of the function y(t) = PEY—— yy(ot - is
0 —Yolt—to

reproduced if we successively use

A (to,t) = LA (tty) = 1, ... K (tn,ta_1) = 1, ie. that the A-condition A= [ K (t')dt' < Lis
0

exact if applied again and again to the new points found by definition. However, there is also a
second lesson from this application, since (t; —ty) > (t, —t;) > (t3 — t;) >......, the interval
of integration allowed by the Lipschitz condition (A— condition) is smaller, the higher the

valuer of y near the singularity t =ty + yi, denoting that there is difficulty in its calculation.
0

Let’s also see the i.v.p of the o.d.e

, 1
(B)y' = E;Y(to) =Y0,to>0,y0>0 (21)
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Which has the solution
y2=y5+ (t—to) (22)
For convenience let us also consider yZ > t,
Since K(t) = i and from A (ty,ty) = ftzl K(t)dtwe gett; = t, + Ay2 where A = e?2 — 1
yi =5+ (61— to)
using the same process of continuation t, — t; — t,, we find
(tn — to) = ¥5[(1+ D™ — 1] (23a)
yi=ys1+ " (23b)
By which we get nlgrgo t, = +o and nlgrgo Yy, = +00 in accordance to the exact solution. (22)

(C) Anothero.d.eisy’ = p(t)y + q(t) = f(t,y) (24)

With y(ty) = yo,to > 0,y > 0 with solution
y(©) = yoeP® + PO [ q(t') e POt () = [ p(t)dr’ (25)
I of
with K(¢) = |5| = |p(t)|.*
* provided that the functions p(t) and q(t) do not have singularities in the interval [t,, + ]

From the A -condition we have A (¢, t,) = ftzllp(t)l t=1
We define the function P,(t) = fttolp(t’) |dt" > 0 which is positive and increasing.

By the successive implementation of the A-condition we have
P(ty) —P(ty) =1,P, (ty) — P, (t1) =1, ...
By which we find
th = Py t(n + Pu(to)) (26)

Since P,(t) is positive and increasing, so is also P, '(t) by which we have limt, =

n—->0oo

lim P, (n + P,(t,) = +o0, an information which comes without the exact knowledge of y(t).
n—-oo
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CONCLUSION
The repeated implementation of Lipschitz - A - condition: A (t;,t,) = fttolﬁ(t)dt =1,
At t) =1, ... A (tp, thn—1) =1 and the subsequent finding of the sequence {t,}n =
0,1,2,... oo can lead to the true interval of definition [to,tf] of the function y(t) (y'(t) =
f(t,y(t),y(to) = yo) by imposing t; = Tlli_{?o{t"} sometimes without the knowledge of the

solution y(t) = y(y,,t) . Usually, lim t, = +co unless there is somewhere a moving or a
n—->oo

constant singularity.

Acknowledgments
Thanks a lot to Myrto Saitaki and Dimitris Lamas for printing the manuscript.

References
1. [Initial value problems - Existence and Uniqueness theorems - Internet Search

2. Picard - Lindel6f theorem - Internet Search

3. Lipschitz continuity - Internet Search

URL: http://dx.doi.org/10.14738/aivp.1303.18776 25



